CHAPTER 14
FORECASTING VOLATILITY I

Figure 14.1 Autocorrelograms of the Squared Returns
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10-year Treasury Note (daily data)

Sample: 10000 12136
Included ocbservations: 1960
Partial
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Autocorelation AC PAC OQ-Stat Prob

0.089 0.089 15563 0.000
0.096 0.089 33.691 0.000
0067 0.052 42535 0.000
0121 0405 71317 0.000
0186 0.163 139.06 0.000
0109 0.089 162.55 0.000
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Ooogo-oog—- oo

R e N =)

R —
Pl =k (3 LD OO = 3 OR s GO RS =

These slides are based on: Gonzéalez-Rivera: Forecasting for Economics and Business, Copyright © 2013 Pearson Education, Inc.
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Model: e = Hee—1 T & = Uee—1 + Ope—12¢

€r — O ¢r—1%s

where:

Z, isindependent and identically distributed with E[z,] = 0 and E[z%] = 1

Conditional average: Elrll_1] = peje—q

Conditional variance:

o* tle—1 — Vﬂr(rt”t—ﬂ =E [(Tr — ﬂr|r—1)2‘fr—1] — E[Erz ”t—l]

e The heteroscedasticity of g, is just driven by sz_l

e The unconditional variance is constant: E[g,] = o2,



14.1.1 ARCH(1)

1t = Ueje—1 T €& = Ueje—1 T Oje—12¢
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Table 14.1 Descriptive Statistics of ARCH(1) Process and Standardized Process

Panel A Panel B
Descriptive Statistics of an ARCH(1) process (returns) 120
Sample: 1 1000 u Series: Standardized process:
Z = rist.dev
a =103 o= 0.6 =109 100 + | Sample 1 1000

Mean 1.975935 1.947474 1.881775 ] Observations 1000
Median 1.930632 1.924136 1.906267 80 1 m —
Maximum 11.78598 24.60007 55.02234 - ean oaneee
Minimum 4482281 -17.69567 4936718 60 Maximum 3.980160
Std. Dev. 1.766631 2.611512 4.810237 Minimum -3.319720
Skewness 0.208300 -0.065491 0.863349 40 glt(iw['}r:‘;s é?ﬁ?gfj
Kurtosis 4.847531 19.48612 56.65335 20 Kurtosis 3 204204
Jarque-Bera 1404553 1132538 1200693 . ;ﬂriui_?;m < g-g?;gﬂg

T L ] T T T t roDabill R 11
Probability 0.000000 0.000000 0.000000 250 -125 000 125 250 375

Fe = Mafr—1

Otlr—1

standardized error process Zs
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Figure 14.2 “
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Figure 14.3 Autocorrelation Functions of simulated ARCH(1) Process

rT = 2 + Ef
2 2
ﬂ—Tlt_1 == 2 + D.3£1_1

Panel A
Times seniesr, Times series r}
Sample: 1 1000 Sample: 1 1000
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1 3 0,079 0.074 1] 1] 3 0,018 0.020
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Forecasting with ARCH(1)

. 2 7
|-step-ahead variance forecast Tl = @+ ag;,

two-step-ahead forecast crf+g| ;= w+ aE(Bf_l ) =w+ acrf+1| ¢

For any h = 1, using backward substitution we find that the A-step-ahead forecast
of the conditional variance 1s
2 — —
ol =l +a+a+a’+ ... +a" ) +ad" oy,
_ w -

— 2
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14.1.2 ARCH(p)

Tt = Myli—1 T & = Myf—1 T Ofr—13;

2 2 2 7
Oili—1 = @ T a1€_ | T ar€i ) + -+ ApEL_p

w>0,0,=01=1,2...p.

CE1‘|‘CEE+"'+CEP<1.

Daily Returmns r, Autocorrelograms of the Squared
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Figure 14.4 Daily SP500 Returns and Autocorrelations of Squared Returns
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14.1.3 GARCH(1,1)

3 ¥ 1
-1 = @ + agy + Bor -2 o2 =

with non-negative parameters w = 0, & = (), and 8 = 0.
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Figure 14.5 Low and High Persistence GARCH(1,1) Processes
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Table 14.2 Descriptive Statistics of Low and High Persistence
GARCH(1,1) Processes

Gonzalez-Rivera: Forecasting for Economics and Business, Copyright © 2013 Pearson Education, Inc.

Descriptive Statistics of a GARCH(1.1) process (returns)
Sample: 1 20000
a=04 =04 a=01, p=0388

Mean 1.992061 2.019090
Median 1.998115 1.993319
Maximum 67.24605 84.01548
Minimum -46.49060 -80.57394
Std. Dev. 3.281838 0.920762
Skewness 0.160152 (0.116804
Kurtosis 26.86840 5.8509899
Jarque-Bera 4748358 6a61.400
Probability 0.000000 0.000000




Figure 14.6 Autocorrelation Functions of Low and High Persistence
GARCH(1,1) Processes
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I 1] 10 0.048 -0.029 ] | 10 0215 0.025
I 11 0.034 -0.014 ] 1 11 0199 0.009
I 12 0.026 -0.006 ] 1 12 0212 0.04
I 13 0.6 0.002 ] 1] 13 0.233 0.064
I 14 0019 0017 | 1} 14 0.245 0.073
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Table 14.3 SP500 Daily Returns: Estimation of a GARCH(1,1) Model

Dependent Vanable: R

Method: ML - ARCH (BHHH) - Normal distribution
Sample: 3815 8471

Included observations: 2657

Convergence achieved after 10 iterations
Bollerslev-Wooldrige robust standard errors & covariance
Variance backcast: ON

GARCH =Ci2) + C(3)*RESIDi(-1)"2 + C(4)*GARCHI-1)

Coefficient Std. Error Z-Statistic Prob.

0.036267] 0.017430 2.0796635 0.0376
Variance Equation

[C] 0.010421 0.005245 1.987009 0.0469
|RESID(-1)"2] 0.065649] 0.011338 5.790038 0.0000
|GARCHI(-1) | 0.927400]  0.011045 83.96233 0.0000
R-squared -0.000534 Mean dependent var 0.009761
Adjusted R-squared -0.001666  5.D. dependent var 1.146761
S.E. of regression 1.147716  Akaike info criterion 2. 888638
Sum squared resid 3404671 Schwarz criterion 2 807408
Log likelihood -3833.556  Durbin-Watson stat 2.079139
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Figure 14.7 Autocorrelation Function of the Standardized Squared Residuals

£7 /7, from GARCH(1,1) for SP500 Daily Returns

Sample: 5815 8471
Included observations: 2657
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Table 14.4 Maximum Likelihood Estimation of ARCH and GARCH Processes

SP500 daily returns—ARCH(9)

Dependent Variable: R

[Method: ML - ARCH|(BHHH) - Normal distribution

Sample: 5815 8471

Included observations: 2657

Convergence achieved after 16 iterations

[Bollerslev-Wooldrige robust standard errors & covariance|

Variance backcast: ON

GARCH =C(2) + C(3/*RESID{(-1)"2 + C(4)*RESID(-2)"2 + C(5)*RESID
(-3)"2 + C(6)*RESID(-4)"2 + C(Ty*RESIIN-5)"2 + C(8)*RESIID{-6)"2
+ C(9*RESID{-7)"2 4+ C(10)*RESID(-8)*2 + C{11 *RESID{-9)"2

Coefficient Std. Error Z-Statistic Prob.

C 0.037003 0018214 2.031594 0.0422
Variance Equation

C 0271763  0.040891 6.645982 0.0000
RESID{-1)"2 0.029949  0.028081 1.066510 0.2862
RESID{-2)"2 0.149370  0.044623 3.347301 0.0008
RESID(-3)"2 0.095260  0.026377 3.611510 0.0003
RESID(-4)"2 0.101684 0027620 3.681607 0.0002
RESID(-5)"2 0.082439  0.023397 3.523482 0.0004
RESID{-6)"2 0.060298 0021251 2.837387 0.0045
RESID(-7)"2 0.090027  0.030511 2.980119 0.0029
RESID(-8)"2 0.142659  0.020601 4.819476 0.0000
RESID(-9)"2 0.0826590  0.023815 3.470870 0.0005
R-squared -0.000565 Mean dependent var 0.009761
Adjusted R-squared -0.004346 S5.D. dependent var 1.146761
S.E. of regression 1.149251 Akaike info criterion 2.910013
Sum squared resid 3404776  Schwarz criterion 2.934377
[Log likelthood| Durbin-Watson stat 2.079077
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Table 14.4 Maximum Likelihood Estimation of ARCH and GARCH Processes
(continued)

SPS00 daily returns—GARCH(1.1)

Dependent Variable: R

Method: ML - ARCH (BHHH) - Normal distribution
Sample: 5815 8471

Included observations: 2657

Convergence achieved after 10 iterations
Bollerslev-Wooldrige robust standard errors & covariance

Vanance backcast: ON
GARCH=Ci2) + C(3)*RESID{-1)"2 + Ci4)*GARCHI-1)

Coefficient Std. Error Z-Statistic Prob.

[C] 0.036267| 0.017439 2.0796635 0.0376
Vanance Equation

[C] 0.010421 0.005245 1.987009 0.0469
RESID(—1)"2 0.065649] 0.011338 3.790038 0.0000
GARCH(-1)] 0.927400[  0.011045 83.96233 0.0000
R-squared -0.000534  Mean dependent var 0.009761
Adjusted R-squared -0.001666 §.D. dependent var 1.146761
S.E. of regression 1.147716  Akaike info criterion 2 888638
Sum squared resid 3494671 Schwarz criterion 2.807408
Log likelihood -3833.556  Durbin-Watson stat 2.079139
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Forecasting with GARCH(1,1)
|-step-ahead variance forecast
2 2 2
Oy = @ T agp + Bﬂ'r|r—1
two-step-ahead forecast
2 2 2 _ 2
Oriof =@+ ak(er, “r) + B‘Tr—lh =o+(a+ B)U'r+1|r

For any h = 1, using backward substitution we find that the h-step-ahead forecast
of the conditional variance 1s

o=l +@+B)+@+pyr+ - +a+tp) )+ (@t p) oy,

[f the forecast horizon is very large, and for a + 8 << 1, the effect of U'})a,”, becomes
negligible, and the A-step-ahead forecast becomes

w 2
> o
| —(a+ B)

ot =0l +@+B)+@+pF+@+pP+---)
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