CHAPTER 6
FORECASTING WITH MOVING AVERAGE (MA) MODELS

6.1 A Model with No Dependence: White Noise
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Figure 6.1 Time Series and Autocorrelation Functions of a
Simulated White Noise Process
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Figure 6.2 Autocorrelation Functions of Monthly Returns to Microsoft and
the Dow Jones Index
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The Wold Decomposition Theorem

If {Y;} is a covariance stationary process and {&;} is a white noise process then
there exists a unique linear representation as:

Ca
Ve=Vi+er+Uie g +Ppep +-= Vi + Z Y€
j=0
where V; is a deterministic component and Zf'iﬂ ;€ is the stochastic component

with Yo = 1, Y% Pjerj < 0.

The Wold decomposition theorem guarantees that any (purely nondeterministic)
covariance stationary stochastic process can be expressed as a linear
combination of past shocks



Finite Representation of the Wold Decomposition Theorem

Vi = ec+Uigemq +Ppgep - = (L + YL+ Yo I2 + -+ ), = W (L)eg,

The infinite polynomial can be appproximated by the ratio of two finite
polynominals :

0q(L)

Y ~3 0

where ©@,(L) =1 + 0;L + 0,17 + -+ + 0411

and @,(L) = 1 — ;L — ¢,17> — - — P, LP

and the Wold decomposition can be approximated (or written) as:

_04(L)
< Y — fblYt—l — §yYep — - ¢’th—13 = ft + 06+ 08 + - + Bth—q

—
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A moving average process of order g = 0, referred as MA(q),
has the following functional form:

where g, is a zero-mean white noise process.



A process is invertible if it can be written as a linear function
of past observations (up to an unpredictable shock):

Ke =&+ T X q ¥ T X o+ T3 X3t ...
This happens iif all the roots ¢; of the (L) polynomial are
outside the unit circle:

5| > 1,

|.e., Iff the modules of the inverse roots are smaller than 1:
11/¢| <1

(if 1/€ = a + bi, where i =+-1, V(a2 + b2) < 1)



6.3.1 MA(1) Process

Y = p+0e_1 + & n N

AL Ay jVN\Mva«"WAVvWW WI’L mvanW,UAUAUMPw

ElY:] = p | "

-1 L A L A AL A BN B -1
200 225 250 275 300 325 350 375 400 200 225 250 275 300 325 350 375 400
a 2 Var(}}) —_ (1 + BE)J 2 —— MA(1) with theta= 0.05 ‘_MA(l)Withtheta=0_5
Y t £ .
4 4

0
1 + 62 |

P1 =

1]
pr =0,k =2 o] |

[ P TP P R A A N A [ P S MPA A s s s s o M
‘,I"k d eca ‘}! S to zero [— MAQ) with theta=0.95 | — MA() with theta=2.0 |

Figure 6.3 Simulated MA(1) Processes



Sample: 12000 &=005 Sample: 1 2000 g8=05%

Included observations. 1999 Included obsarvations, 1999
Autocorrelation  Partial Correlation AT PAC Autocomelation  Partial Comrelation AC PAC
1 0072 0072 i 1 0406 0406
2 0,027 00532 ] 2 0038 -0.243
3 0061 0057 i 30078 0083
4 0,024 0017 | 4 -0.038 -0.030
5 0ME 0018 i 5 0006 0029
B 0.004 -0.011 i & 0.009 -0.015
T 0022 0022 | 7 0020 0.030
& 0.003 0.001 i & 0011 -0.012
9 0000 0.000 i 9 0003 0.002
10 0011 0000 i 10 0.010 -0.009
Sample: 12000 — Sample: 12000 _
Included chservations: 1999 6=085 Included observations, 1999 =2
Autocomelation Partial Comralation AC  PAC Autocometation Partial Comrelation AL PAC
[ 1 04985 0498 i 1 0406 0406
i 2 0042 -0.386 2 0,030 -0.243
| 3 -0.081 0.220 3 0076 0053
| 4 0042 0183 4 0,038 -0.030
i 5 0.003 0157 1 5 0,006 0.030
i & 0.013 0127 i & 0,009 -0.016
i T 0,019 0131 i T 0,020 0.030
[ 8 0.013 0112 i B 0,010 -0.013
i 49 0,004 0002 9 0004 0.002
| 10 -0.010 -0.068 10 0010 -0.008

Figure 6.4 Autocorrelation Functions of Simulated MA(1) Processes

We say that an MA(1) process is invertible if [0]| < 1



Figure 6.5 Percentage Changes in the 5-Year Treasury Note Yield
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Table 6.1 Estimation Output: 5-Year Treasury Yield (Monthly Percentage Changes)

Method: Least Squares

Backcast: 1953M04

Dependent Vanable: DY

Sample (adjusted): 1953M05 2007M11
Included observations: 655 after adjustments
Convergence achieved after 7 iterations

Variable Coefficient Std. Error t-Statistic Frob.

C 0.160159 0.258095 0.620544 0.5357

MA(T) 0.485011 0.0344638 14.07130 0.0000
R-squared 0.165370  Mean dependent var 0.168613
Adjusted R-sqguared 0164092 5.0 dependentvar 4 B66E05
5.E. of regression 4449443  Akaike info criterion H.826434
Sum squared resid 1292779  Schwarz criterion 840177
Log likelihood -1906.173  F-statistic 129.3829
Durbin-Watson stat 2055799  Prob(F-statistic) 0.000000

Inverted MA Roots

-49
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h=1 fo=i+fe= ol = 00 =4.449 F(Yir 1) = Ny g 021
12/2007 = 0.160 + 0.4858, = N(—6.276, 4 449%)

= —6.276%
h=2 fia=fi=0.160% ot =0t(1+8%) f(Y,a|1,) — N(0.16, 23 .683)
1/2008 = 4.449%(1 + 0.4857)

—23.683 =&y

h=3 fi3 =i =0.160% ol =23 .683 =47 f( Y42 I,) — N(0.16, 23 .683)
2/2008
h=4 fra= i =0.160% ora = 23.683 = Gy f(Y4|1) = N(0.16, 23.683)
3/2008
h=5 fis =i =0.160% o5, =23.683 =a7 f(Yis|1,) — N(0.16, 23.683)
4/2008

Table 6.2 December 2007-April 2008 Forecasts of 5-year Treasure Yield Changes
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Figure 6.6 Multistep Forecast of Monthly Changes of 5-year Treasury Yield
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Figure 6.7 Simulated MA(2) Processes
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Figure 6.8 Autocorrelation Functions of Simulated MA(2) Processes
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The MA(2) process is invertible if the roots of the characteristic equation
are, in absolute value, greater than one.

1—91;—’E+92E2=U
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Figure 6.9 Autocorrelation Functions of MA Process Y, =2—4¢g, , +4¢, , +&,
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