Unemployed persons, 1989-2002 (seasonally adjusted)

CHAPTER 7

FORECASTING WITH AUTOREGRESSIVE (AR) MODELS
Figure 7.1 A Variety of Time Series Cycles
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7.1 Cycles

A cycle is a time series pattern of periodic fluctuations.

deterministic

cycle

stochastic
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‘ — Y=2cos(0.5t+0.78) +e ----- Y_determ=2cos(0.5t +0.78)

Figure 7.2 Deterministic Cycle

Unemployed persons, 1989-2002 (seasonally adjusted)

| .

Figure 7.3 Unemployed Persons, 1989-2002
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Source: Bureau of Labor Statistics
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Note: Shaded areas represent recessions. Break in series in January 1994 is due
to the redesign of the survey.
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An autoregressive model of order p = 0, referred as AR(p), has the
following functional form

Yi=c+d Yyt o+t ﬁbpyr—p T &

where &, is a white noise process.
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A process Is covariance stationary (causal) if it can be written
as a linear function of past shocks:

Xi =&+ Q& 1T P& ot P38 .3t ...

This happens iif all the roots ¢; of the ¢(L) polynomial are
outside the unit circle:

Sil > 1,

l.e., Iff all the modules of the inverse roots are smaller than 1:
11/¢| <1

(if 1/€ = a + bi, where i =+-1, V(a2 + b?) < 1)

NB: An AR(p) is always invertible. A MA(Q) is always stationary.
4



7.2.1 The AR(1) Process Y,=c+ @Y, | +¢
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Figure 7.4 Autoregressive Processes AR(1)
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Figure 7.5 Autocorrelation Functions of Covariance-Stationary AR(1) Processes

Sample: 2 1000 Sample: 2 1000 Sample: 2 1000
Inchuded observations: 999 Inchided obsarvations: 999 Inchided observations: 9949
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A necessary and sufficient condition for an AR(1) process ¥, = c+¢Y,_| + & to
be covariance stationary is that || < 1.
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Figure 7.6 Time Series Plot and Autocorrelation Functions of AR(1)

with Negative Parameter
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Figure 7.7 Per Capita Income Growth (California, 1969-2002)

12 Sample: 1969 2002
Included observations: 33
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7.2.2 AR(2) Process

Yi=c+d 1Y+ Yt g
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Y, =1+0.5Y,, +0.5Y,, +¢

The necessary conditions for an AR(2) process to be covariance

stationary are 20
1<, <1 500 W/
—2<¢<2 480 -
and the sufficient conditions are 460 -
440
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Figure 7.9 Nonstationary AR(2)
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Figure 7.10 Autocorrelation Functions of Covariance-Stationary AR(2) Processes

Y, =1+Y, | —05Y, 5 +5 | Y, =1-05Y, | +04Y, 5 +5, | ¥, =1+0.57, ; +0.37,_, + 5
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Figure 7.11 U.S. Inflation Rate
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Table 7.1 Estimation Results, U.S. Inflation Rate, AR(2) Model

Dependent Variable: CPI_GR
Method: Least Squares
Sample (adjusted): 1916 2003

Included observations: 88 after adjustments
Convergence achieved after 3 iterations

Variable Coefficient Std. Error t-Statistic Prob.

C 3.311924 0.880693 3.760588 0.0003

AR(1) 0.799420 0.104934 7.618326 0.0000

AR(2) -0.251858 0.104879 -2.401413 0.0185
R-squared 0445779 Mean dependent var 3.298182
Adjusted R-squared 0432739 5.D. dependent var 4 962744
S.E. of regression 3737777 Akaike info crnterion 5.508356
Sum squared resid 1187.533 Schwarz criterion 2.592810
Log likelihood -239.3676  F-statistic 34 18425
Durbin-Watson stat 1.904683 Prob(F-statistic) 0.000000

40-.30i

Inverted AR Roots

A40+.301
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Table 7.2 Multistep Forecast of U.S. Inflation Rate

h=1 ft,l =C+ 431 Y, + ¢?2 Y1 = O-t2+ZIJt = 6-5 =3.74° f (Yt+l | It) —>N (/ut+1|t ) Gt2+m)
2004 | =1.49+0.79x2.25—0.25%1.56 = = N(2.90,3.74?)

~ 2.90
h=2 | f,=¢+d f+hY, = 02y =62+ D)= | T(Yuo|1,)—> N(3.254.81%)
2005 | =1.49+0.79x2.90—0.25x2.25= | =3.74%(1+0.792) =

~3.25 ~ 4.81°
h=3 fia=C+ ¢?1 fi +¢?2 fi= Gt2+3|t =6 (1+¢?12 + f(Yes | 1) = N(3.36,5.03°)
2006 | =1.49+0.79x3.25-0.25x2.90 = | L (4 +4?)?) =
h=4 1 f,=¢c+d f+4 f,= of 4 ~5.04° f (Yo |1) = N(3.37,5.04°)
2007 | =1.49+0.79x3.36—0.25x3.25 =

~3.37
h=51f_.=¢+4 f,+d fo= olg ~5.042 f(Y.o|1,) — N(3.34,5.04%)
2008 | =1.49+0.79x3.37 —0.25x3.36 =

~ 3.34
h=6 | f . =¢+4 fo+d f,= ol g ~5.042 (Y, |1,) = N(3.32,5.04%)
2009 | =1.49+0.79x3.34—0.25x3.37 =

~ 3.32
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Figure 7.12 U.S. Inflation Rate, Multistep Forecast
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7.2.3 AR(p) Process

Figure 7.13 Number of Unemployed People Looking for Part-Time Work

in thousands
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7.3.1 Deterministic and Stochastic Seasonal Cycles

A seasonal cycle is defined as a periodic fluctuation in the data
associated with the calendar.

deterministic

seasonality
stochastic
4 3
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2 |
0.
14
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Figure 7.14 Deterministic Seasonality Figure 7.15 Stochastic Seasonality
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7.3.2 Seasonal ARMA Models

Figure 7.16 Seasonal AR(1) and AR(2), Time Series Plots and Autocorrelograms
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Figure 7.17 Monthly Clothing Sales in the United States. Time Series Plot and
Autocorrelation Functions
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Figure 7.18 Seasonal MA(1) and MA(2), Time Series Plots and Autocorrelograms
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7.3.3 Combining ARMA and Seasonal ARMA Models

Purely seasonal ARMA: Y, =c + Y, + DY, g+ + bpYips + 0585 + Or58 o+ 03,83
T 08 g T g

Example:

Combined S-ARMA(1,2), + 5 A A g

non-seasonal ARMA(2,1): (1 =1L — L)1 = Gy L)Y, = ¢ + (1 + 0,L7 + 63L7)(1 + 6,L)g,

Data example
Figure 7.19 Monthly Changes of Private Residential Construction in U.S. (Millions of Dollars),
Time Series Plot and Autocorrelograms

Sample: 2002M01 201 1M01
Included obeervations: 108
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It makes sense to propose: ARMA(1,0) + S-ARMA(1,0),,



ARMA(1,0) + S-ARMA(L,0),, (I = L)(1 — fﬁ’]lez)Yr =ctg

Or ARMA(13,0) with parameter restrictions

(1 — ¢\ L— L + L)Y, =

c + &

TABLE 7.3 Monthly Changes in Residential Construction,

Estimation Results of AR(1) and S-AR(1) Model

Dependent Variable: change CONST
Method: Least Squares

Sample (adjusted): 2003M03 201 1MO1
Included observations: 95 after adjustments
Convergence achieved after 6 iterations

Variable Coefficient  Std. Error  t-Statistic ~ Prob.
C -393.2408 2399622 -0.247223  0.8053
AR(1) 0.439971 0.093551 4703012  0.0000
SAR(12) 0.923569 0.038771 23.82102  0.0000
R-squared 0.894790 Mean dependent var -128.3158
Adjusted R-squared 0.892502 S.D. dependent var 3036.076
S.E. of regression 0995.4326 Akaike info criterion 16.67530
Sum squared resid 91161518 Schwarz criterion 16.75595
Log likelihood -789.0768 F-statistic 391.2194
Durbin—Watson stat 2115719 Prob(F-statistic) 0.000000




Figure 7.20 Monthly Changes in Residential Construction, Multistep Forecast
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