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CHAPTER 7 
FORECASTING WITH AUTOREGRESSIVE (AR) MODELS 

Figure 7.1 A Variety of Time Series Cycles 
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Figure 7.2 Deterministic Cycle 
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Figure 7.3  Unemployed Persons, 1989-2002 
(Seasonally Adjusted)   
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A process is covariance stationary (causal) if it can be written 

as a linear function of past shocks: 

 

Xt = εt + φ1 εt - 1 + φ2 εt - 2 + φ3 εt - 3 + … 

 

This happens iif all the roots ξ i   of the φ(L) polynomial are 

outside the unit circle:  

|ξ i | > 1, 

 

i.e., iff all the modules of the inverse roots are smaller than 1:  

|1/ξi | < 1   

 

(if 1/ξ = a + b i , where i = √-1, √(a2 + b2) < 1) 

 

 

NB: An AR(p) is always invertible. A MA(q) is always stationary. 
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Figure 7.4 Autoregressive Processes AR(1) 

7.2.1  The AR(1) Process 
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Figure 7.5 Autocorrelation Functions of Covariance-Stationary AR(1) Processes 
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Figure 7.6 Time Series Plot and Autocorrelation Functions of AR(1)  
     with Negative Parameter 

-6

-4

-2

0

2

4

6

8

25 50 75 100 125 150

Y

González-Rivera: Forecasting for Economics and Business, Copyright © 2013 Pearson Education, Inc. 



8 

Figure 7.7  Per Capita Income Growth (California, 1969-2002) 
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12 Figure 7.8  Autoregressive Processes AR(2) 

7.2.2   AR(2) Process 
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Figure 7.9  Nonstationary AR(2)  
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Figure 7.10  Autocorrelation Functions of Covariance-Stationary AR(2) Processes 

PACF: 
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Figure 7.11  U.S. Inflation Rate 
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Table 7.1 Estimation Results, U.S. Inflation Rate, AR(2) Model 
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Table 7.2 Multistep Forecast of U.S. Inflation Rate 

1h  

2004 

90.2

56.125.025.279.049.1

ˆˆˆ
1211,





 ttt YYcf 

 

222

|1 74.3ˆ   tt  

 )74.3,90.2(

),()|(

2

2

|1|11

N

NIYf tttttt



  
 

2h  

2005 

25.3

25.225.090.279.049.1

ˆˆˆ
21,12,





 ttt Yfcf 

 

2

22

2

1

22

|2

81.4

)79.01(74.3

)ˆ1(ˆ





  tt

 

 

)81.4,25.3()|( 2

2 NIYf tt   

3h  

2006 

36.3

90.225.025.379.049.1

ˆˆˆ
1,22,13,





 ttt ffcf 

 

2

22

12

2

1

22

|3

03.5

))ˆˆ(

ˆ1(ˆ









 tt

 

)03.5,36.3()|( 2

3 NIYf tt   

4h  

2007 

37.3

25.325.036.379.049.1

ˆˆˆ
2,23,14,





 ttt ffcf 

 

22

|4 04.5 tt  )04.5,37.3()|( 2

4 NIYf tt   

5h  

2008 

34.3

36.325.037.379.049.1

ˆˆˆ
3,24,15,





 ttt ffcf 

 

22

|5 04.5 tt  )04.5,34.3()|( 2

5 NIYf tt   

6h  

2009 

32.3

37.325.034.379.049.1

ˆˆˆ
4,25,16,





 ttt ffcf 

 

22

|6 04.5 tt  )04.5,32.3()|( 2

6 NIYf tt   

 

González-Rivera: Forecasting for Economics and Business, Copyright © 2013 Pearson Education, Inc. 



21 

Figure 7.12  U.S. Inflation Rate, Multistep Forecast 
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Unlike MA, the AR forecasts 

keep changing, but also 

converging to the 

unconditional mean 

 

 

Bands converge slowly to 

unconditional uncertainty 

bands  
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Figure 7.13  Number of Unemployed People Looking for Part-Time Work 
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Figure 7.14  Deterministic Seasonality 

7.3.1 Deterministic and Stochastic Seasonal Cycles 
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Figure 7.16  Seasonal AR(1) and AR(2), Time Series Plots and Autocorrelograms 

7.3.2  Seasonal ARMA Models 

In the seasonal context, 
the order of the 
process needs to be 
understood in light of 
the data seasonality.  

For identifying the order 
of seasonal AR and MA 
models, we extrapolate 
what we know from 
nonseasonal AR and MA 
models. 
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Figure 7.17  Monthly Clothing Sales in the United States. Time Series Plot and  
        Autocorrelation Functions 
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Figure 7.18  Seasonal MA(1) and MA(2), Time Series Plots and Autocorrelograms 
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Figure 7.19  Monthly Changes of Private Residential Construction in U.S. (Millions of Dollars), 
Time Series Plot and Autocorrelograms 

7.3.3  Combining ARMA and Seasonal ARMA Models 
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It makes sense to propose: ARMA(1,0) + S-ARMA(1,0)12  
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ARMA(1,0) + S-ARMA(1,0)12  

 

Or ARMA(13,0) with parameter restrictions  



29 

Figure 7.20  Monthly Changes in Residential Construction, Multistep Forecast 
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