CHAPTER 10
FORECASTING THE LONG TERM:

DETERMINISTIC AND STOCHASTIC Figure 10.1 Economic Time Series with Trends
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10.1 Deterministic Trends

Figure 10.2 Time Series with Linear Deterministic Trend
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10.1.1 Trend Shapes

Figure 10.3 Common Deterministic Trends

Y= By + Byt

Y, = exp (B, + B,1)

Y= B+ Byt + ﬁEIE
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Figure 10.4 Growth Rate with Linear and Quadratic Deterministic Trends
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For a simple linear trend series with uncorrelated noise:
Y,=PBo+ Bt + &

Unconditional mean
EY)=EPBy+ Bt +e)=PBy+ Bt + Elg,) = By + Bit =
Unconditional variance
oy =E(Y,— w)* = E(Y, - By~ Pit)’ = El&)’ =o7=
Autocovariance of order k
E(Y; — ¥ — py—p) = E(Yy — Bo — Bt Y- — Bo — Bt — k)
= Elgg, ) =0

Yi

Autocorrelation of order k

Ye O
- Yo o;

In this example, we see why these models are called trend stationary:
because they are stationary around a deterministic trend



10.1.3 Optimal Forecasting

Figure 10.5 Home Mortgage Outstanding Debt (Billions of Dollars)
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Table 10.1 Deterministic Trend Specifications

Adjusted

Trend model R-squared AlC SIC
Y, = By + Bt 0.9358 14.292 14.369
Y, = By + Byt + Bt 0.9945 11.847 11.963
Y, = By + Byt + Bt + Bl 0.9994 9.520 9.674
Y, = By + Byt + ot + Baf + But’ 0.9997 8.827 9.020
Y, =By + Bl + Bof’ + Bat’ + Byt + Bt 09997 | A8——2093
Y, = Byexp(fyt + Bot?) ‘ 10.382 10.498
Y, = Boexp(Bit + B + Bs) 9.933 | 10.087
Y, = Byexp(Bil + Bof” + Bt’ + Bur) 9.114 9.307
Y, = Byexp(Bf + By + B + By + BP0 8.855 9.087
log ¥, = B, + Byt + Byl 0.9986 -6.343 -6.227
log ¥, = By + Byt + Bt + Baf 0.9997 -1.874 -1.719
log ¥, = By + Byt + Baf” + Bst + Byt 0.9997 -7.906 -7.713
log ¥, = By + Byt + Bof” + Bt + Byt + B 0.9997 -1.974 -7.743
log ¥, = By + Byt + Bot® + B3t + Byr* + Bst + Bet® 0.9997 -7.977 -1.707

The best fit may not translate in best forecasts
We should apply the parsimony principle — Occam’s (1287—-1347) razor

Ptolemy (90-168) stated, "We consider it a good principle to explain the
phenomena by the simplest hypothesis possible."


https://en.wikipedia.org/wiki/Ptolemy

Table 10.2 Least Squares Estimation of a Polynomial Trend

Dependent Variable: DEBT
Method: Least Squares / 7000
Sample: 1992:1 2004:1

£ 6000
Included observations: 49

£ 5000

Variable Coefficient  Std. Error  t-Statistic  Prob. 60 - ,.F-"‘/

; - — 4000
C 2668.571 1545319 172.6874  0.0000 40 4 _,-"""/

TRND 31.63280  4.190147 7.540320  0.0000 T I,'I\| | 2000
TRND"2 1.065196  0.335967 3.170541  0.0028| o4 T |'I'| ,"\,, / |
TRND"3 -0.032256  0.010048  -3.210235  0.0025 [ ﬂll B F 1L 2000

A A AL N L [ |
TRND"4 0.000688  9.97E-05 6.807960  0.0000 0 ] , - -
|II | f f

R-squared 0.990765 Mean dependent var 4184.486 20 - I| ,I'I I"i"r\-.,rﬂ :|' ll
Adjusted R-squared  0.999743 S.D. dependent var 1188.004 | \
S.E. of regression 19.04364 Akaike info criterion 8827795 4p | ....................:"TF.I.............1........
Sum squared resid 15957.05 Schwarz criterion 0.020838 1904 1996 1998 2000 2002
Log likelihood -211.2810 F-statistic 46759.77
Durbin-Watson stat 0.731080 Prob(F-statistic) 0.000000 Residual ------ Actual ——- Fiﬂ5d|

Durbin-Watson: d =0.73 <1 =d,_,,

we suspect residual autocorrelation
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Figure 10.6 Forecast of Outstanding Mortgage Debt Based on Table 10.2
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Recall: Durbin-Watsond =0.73 <1=d_

we suspect residual autocorrelation

Figure 10.7 Correlograms of the Residuals of the Fourth Polynomial
Trend Model

Sample: 1992:1 2004:1
Included observations: 49

Autocormelation

Partial Correlation

AC  PAC ;{-‘;}p

Suspicion /

I
]!
0t —

confirmed
\ =

L=

Ut

E—

19.270 0.00
21.323 0.000
21.706 0.000
25.680 0.000
30.796 0.000
35.174 0.000
41.366

-0.084 -0.11
-0.268 -0.16
-0.300 -0.04
-0.274 -0.11
-0.323 -0.27
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Table 10.3 Least Squares Estimation of Trend and AR Model

Modelo misto é melhor

Dependent Variable: DEBT

Method: Least Squares

Sample(adjusted): 1992:3 2004:1

Included observations: 47 after adjusting endpoints

Estimation settings: tol = 0.00010, derivs = accurate mixed (linear)

Convergence achieved after 8 iterations

Variable Coefficient  Std. Error  t-Statistic  Prob. e
-'_‘-..‘.
C 2661.391 5060255  52.59402  0.0000] 40- P
TRND 3300561 11.62180 2917415 00058 [ .- _— I|
TRND"2 0.870626 0.831794 1.046684 03015 24 ||I | I|'II J,-"'.l
TRND"3 -0.026140 0.023088  -1.132204 0.2643 1 i I\ A r
TRND"4 0.000625 0.000217 2874052 0.0065| gl . A"l Mol II N VA A
AR(1) 0.826760 0.152925 5466303 0. \/ VIV NN
AR(2) -0.281622 0.161740  -[.741197  0.0893 >_E.|]_ ! i
E-squared (0.999863 Mean dependent 4246.7 40 |
Adjusted R-squared 0.999842 S.D. dependent var B17 L L L N L L LN L L UL R L
S.E. of regression Akaike info criterion 8.3556 1994 1 QQ-E 1 QQB EUDD 2002
Sum squared resid SOU616 Schwarz criterion 8.631155 S O
Log likelihood -189.3566 F-statistic : Residual -~ —-Actual ——- Fifted
Durbin-Watson stat 2070406 Prob(F-statistic) (LOCO000

Inverted AR Roots
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10.2 Stochastic Trends

Random walk without drift suchas Y, =Y, + &,
Random walk with drift such as Y, = ¢ + Y,_| + &,, where ¢ 1s a drift.

Figure 10.8 Random Walk without Drift and with Drift
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Eie)=0, E(g)* = oz, and E(g,_;e,_) =0 i#j

Random walk without drift (¥, = 0):

Y=Y 1+teg=g+e_+e1+ - +eg
Unconditional mean

pw=EY)=Eeg+eg,+ --- +eg)=0
Unconditional variance

oy =EY,—pyr=Ee+g_,+ - +eg)=to;
Autocovariance of order K

Yo = E(Y, — p)Y,_ — p)

=Eegteg + o tegt sttt e+
= (1 — kjo;
Autocarrelation of order k
Yok (t — k)o: I Sl
Pri-k = > = — 1
LY, '"v“ﬂi‘r:r;"-.fx{i' — k)o; I

+ E]]
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Random walk with drift (Y, = 0):

Y, =c+Y_,+e=ctt+eteg_+Eg,+ - +E
Unconditional mean

w=EY)=Ect+e+eg_+ - +g)=ct

Unconditional variance

oy=EY,—uyY=EY,—cty =Eg+g_,+ - +&)=to:
Autocovariance of order k

Yoo =EY,—p) (Y —p )= Eg+e + - +g 4+ - +g)

(Bp+ &g+ - - +E1)=(1—kos
Autocorrelation of order k
Y-k (t — JHET% B I|'.r —k —1 fort laree
Pri—k = = =4 g
o ull Fil "'-."’I{ILT%"'-.-"{{T — JHLT% \'II !

RWSs are not covariance stationary 14



10.2.2 Stationarity Properties

Figure 10.9 Autocorrelograms of Random Walks

(a) Random Walk
Without Drift
(Hgure 10.8q)

(b) REandom Walk with
Drift (Figure 10.8b)

Sample; 2 500
Included observations: 4805
Autocorralation  Partial Comalation AC PAC (-5tat Prob
I I 1 0990 0.900 49208 0.000
I i 2 0980 -0.014 97514 0.000
[ I— 1] 3 0970 0.020 14407 0.000
[ I— i 4 0960 -0.029 19154 0.000
[ — 1] 6 0951 0.024 23729 0.000
[ I— 1] 6 0942 0.027 28228 0.000
| i 7 0934 0.023 32667 0.000
| 11 8 0925 0.004 3701.7 0.000
1 1] o 0917 0.001 4131.1 0.000
| I if1 10 0909 -0.036 45632 0.000
[ — | 11 0801 0.042 49689 0.000
| 11 12 0893 0.000 R3ITES 0.000
sample: 2 500

Included observations: 4805

Autocorralation

Partial Corralation

AC  PAC (1-5tat Prob
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0,993 0.983 485.20 0.000
0.986 0.000 984.67 0.000

0.980 -0.006 1468.4 0.000
0.973 00004 1846.4 0.000
0.966 -0.014 2418.6 0.000
0.958 -0.014 2884.9 0.000
0.852 -0.011 3345.1 0.000
0.944 00019 3799.2 0.000
0,937 0.015 4247.4 0.000
0,930 0.000 4688.7 0.000
0,823 0.006 5126.4 0.000
0.816 -0.004 5557.3 0.000

Gonzalez-Rivera: Forecasting for Economics and Business,

Copyright © 2013 Pearson Education, Inc.

15



10.2.2.1 Testing for Unit Root

Recall: RWY; =Y, + ¢ isan"AR(1)" with ¢ =1

As this "AR(1)" is not stationary, we need a different test for

HO:(p — 1
Hl:(nb < 1
o p—1
The statistic is still —
9%

but it’s distribution is non-standard.
We have to use the tabulated Dickey-Fuller test.

We have three cases:

| — mean zero no trend

I — nonzero mean no trend
Il — trend

16



Table 10.4 Dickey-Fuller Critical Values for a 5% Critical Region

o
Example: Case |, T= 25, Fr[ S 1-95] =5%
ﬁ't'

Rejection region

ol
|

5% // )
Y A Acceptance region

A |
~1.95 0 b1
o4
Case | Case 11 Case 111

Sample Hy: Y, =Y, + ¢ Hy:Y, =Y, +¢g Hy:Y,=c+Y,_ +¢
size T H:Y,=dY_, +¢g H:Y=c+dY_+e | H:Y=ctat+d¥_ +s

25 —1.95 -3.00 -3.60

50 -1.95 -2.93 -3.50
100 -1.95 -2.80 -345
250 -1.95 -2.88 -343
500 -1.95 -2.87 -342

00 -1.95 -2.86 -341




Table 10.5 Unit Root Testing Procedure

Dickey-
Fuller
critical
OLS-Estimated - value at
model u.mnq-ard Ratin: — 5% level
error of d) Td {Table 10.4) Decision
Fig 10.8a
Case | ¥, = 0.9988Y,_, + &, 09988 -1 04341 —1.95 —1.95 <—0.43
HyY, =Y, |+ (0.0025) 0.0025 N fail to reject
Hﬂ =]
HiY,=¢Y,_, +¢g unit root
Case II Y, =-0.325 + 0.9905 -1 _1.8530 —2.87 —2.87 < —1.85
HeY, =Y., +g, +09905Y,, +3 | 00051 o fail to reject
Hﬂ =]
HY,=c+¢¥_, +5g (0.0051) unit root
Fig. 10.8b
Case III ¥, =09167 +0.0082t+ (098301 1853 —3.42 —3.42 <-2.18
HiY,=c+ Y, +e +09830Y,, +3 | 00077 T fail to reject
Hﬂ =]
HiY,=c+at+e¢)¥_,+g (0.0077) unit root

Gonzalez-Rivera: Forecasting for Economics and Business,

Copyright © 2013 Pearson Education, Inc.
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10.2.3 Optimal Forecast

Figure 10.10 Differences in the Forecasts of Random Walk and
Trend-Stationary Processes

Random walk without drift Random walk with drift Trend-stationary model
Yi=Yi_ 1+ 8¢ Yi=C+Yi_1+ & Yi=Po+ P1t + &
A 4 ; ' 4
fo=Y;+5sC rti =By + B, +5)
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Vet o fo—g Vet -
/\f\/i y A/ SUE
i ' T b . - >
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1. Unit roots imply the need for differencing
2. We may need to difference dtimesd =1, 2, ...
3. Instead of a WN we could have an ARMA noise

This means that we can generalize the model to an ARIMA(p,d,q):
dy —

In order to account for such a structure we use the so-called
Augmented Dickey-Fuller (ADF) Test

We simply need to augment the regression with the lagged
differences necessary to destroy autocorrelation:

AYIZC‘I'BY_I +a1AY,_1 +CU2AYI_2+CE3AYI_3+ e +8I



An example:

Figure 10.11 Index of Total Hours Worked in United States and Spain
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It seems wise to test for a UR with
Intercept (Type II)
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Table 10.6 Augmented Dickey-Fuller Unit Root Test on Spain

10% Cntical Value 26164

5% Critical Value C -2.9338

Augmented Dickey-Fuller Test Equation
Dependent Varia '
Method: Least Squares
Sample(adjusted): 1971 2002
Included observations: 32 after adjusting endplints

Variable Coefficient  Std. Error \I‘.—Statistic Prob.
o

SPAIN(-1) 0.008178 0.058084  0.140708  0.3800

C -0.494473  6.272498 -0.078832 0.9377
R-squared 0.000660 Mean dependent var 0.384840
Adjusted R-squared  -0.0326531 S.D. dependant var 3.254600
S.E. of regression 3.307307 Akaike info criterion 5.200607
Sum squared resid 328.1483 Schwarz criterion 5.382215
Log likelihood -82.64071 F-statistic 0.019824
Durbin-Waston stat 0.437263 ProbiF-statistic) 0.888970

wonzalez-Kivera: Forecasting tor Economics and Business,
Copyright © 2013 Pearson Education, Inc.

This is the AR(1) with
B=(@—-1)

We falil to reject
the Unit Root

22



But the residuals are not yet white

Figure 10.12 Correlogram of Residuals

Sample: 1971 2002
Included cbservations: 32

Autocormelation Partial Correlation AC PAC OQ-5tat Prob
[ I [ I 1 05779 0779 21.279 0.000
(N ] 2 0487 0303 29.881 0.000
N | [ 3 0315 0160 33.613 0.000
IO | | | 4 01150340 34.125 0.000
IO 1 | 5 -0.067 0.041 34303 0.000
O IO 6 -0.156-0.076 35.324 0.000
IO g o 7 -0.182 0.058 36.761 0.000
O L 8 -0.086 0265 37.097 0.000
[ [ I 9 0.073 0.0685 37.350 0.000
Lod o - 10 0107 0.202 37.921 0.000

How many differencing should be needed?
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Table 10.7 Augmented Dickey-Fuller Unit Root Test on Spain

—r

-3.6576
-2.9591]

-2.6181

ADF Test Statistic € -2.1536590 1% Critical Value”

5%

10% Critical Value

Critical Value

D

* . _— . - - .
MacKinnon critical values for rejection of hypothesis of a unit root.

Auvgmented Dickey-Fuller Test Equation
Dependent Vanable: D(SPAIN)

Method: Least Squares
Sample(adjusted): 1972 2002

Included observations: 31 after adjusting endpoints

We fail to reject
the Unit Root

We can assume the
residuals are white
and proceed to the
estimation

Correlogram of Residuals

Sample: 1872 2002

Included observations: 31

Autocorrelation

Partial Correlation

AC  PAC

Q-Stat

Prob

Variable Coefficient  Std. Error  t-Statistic  Prob.
SPAIN(-1) -0.079919  0.037109  -2.153639  0.0400
D(SPAIN(-1)) 0864257 0115315 7404743 0.0000
C 8.661008 3.082150 2175206  0.0382
R-squared 0.667569 Mean dependent var 0.384577
Adjusted R-squared 0.643824 5.D. dependent var 3.308399
S.E. of regression 1.974467 Akaike info criterion 4.200240
Sum squared resid 109.1586 Schwarz criterion 4429013
Log likelihood -63.49872 F-statistic 28.11405
Durbin-Watson stat 1.737471 Prob(F-statistic) 0.000000
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0.5661
3.1666
3.9699
4.1085
4.6232
4.8221
6.9045
7.6381
10.284
10.308
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0.452
0.205
0.265
0.392
0.464
0.567
0.439
0.470
0.328
0.414



Table 10.8

Least Squares Estimation of AYt = alAYt_l + &

This is the ARIMA(L,1,0)

Dependent Variable: D{SPAIN)

Method: Least Squares

Sample(adjusted): 1972 2002

Included observations: 31 after adjusting endpoints
Convergence achieved after 2 iterations

Variable Coefficient  Std. Error  t-Statistic  Prob.

AR(1) 0.780202 0113642 6944641  0.0000
R-squared 0.611151 Mean dependent var () 384577
Adjusted R-squared 0.611151 §.D. dependent var 3.308399
5.E. of regression 2.063043 Akaike info criterion  4.317967
Sum squared resid 127.6844 Schwarz criterion 4.364225
Log likelihood -65.92849 Durbin-Watson stat 1.532004
Inverted AR Roots 79

Gonzalez-Rivera: Forecasting for Economics and Business,
Copyright © 2013 Pearson Education, Inc.
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Table 10.9 Four-Step-Ahead Forecast of Index of Total Hours Worked in Spain

5

9
Ot+1r — U¢

% E 3
¢r=ente =gt e e =gt (d+ ey

Trop =il + (p+ 1)7)

Forecasts for differences Forecasts for levels
t= 2002 AYypa = 1LBR Yopgr = 129.35 v
Forecasting | foonzs = &*AVaoex | Trvspponz | froors = fro02s + fro025—1 | 0452002
horizon
s=1 2003 1 .48 2.07 130.83 2.07
y=2 2004 1.17 2.64 132.01 4,25
s=3 2005 0.92 2.93 132.03 6.56
v=4 2006 0.73 3.10 133.66 2.90

Gonzdlez-Rivera: Forecasting for Economics and Business, 26
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Figure 10.13 Forecast of Index Total Hours Worked in Spain with
95% Confidence Bands
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