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CHAPTER 1

Introduction

These are the lecture notes for the course “Probability Theory and
Stochastic Processes” of the Master in Mathematical Finance 2016/2017
at ISEG—University of Lisbon. It is required good knowledge of calculus
and basic probability.

1. Classical definitions of probability

Science is about observing given phenomena, recording data, analysing
it and explaining particular features and behaviours using theoretical
models. This may be a rough description of what really means to make
science, but highlights the fact that experimentation is a crucial part
of obtaining knowledge.

Many experiments are of random nature. That is, their results are
not possible to predict, often due to the huge number of variables that
underlie the processes under scrutiny. One needs to repeat the exper-
iment and observe its different outcomes and events (sets of possible
outcomes). Our main goal is to quantify the likelihood of each event.

These general ideas can be illustrated by the experiment of throwing
a dice. We can get six possible outcomes depending on too many
different factors, so that it becomes impossible to predict the result.
Consider the event corresponding to an even number of dots, i.e. 2, 4
or 6 dots. How can we measure the probability of this event to occur
when we throw the dice once?

The way one usually thinks of probability is summarised in the
following relation:

Probability( “event”) number of favourable cases

number of possible cases

assuming that all cases are equally possible. This is the classical defi-
nition of probability (called the Laplace law).

ExAMPLE 1.1. Tossing of a perfect coin in order to get either heads
or tails. The number of possible cases is 2. So,

Prob(“heads”) = 1/2
Prob(“heads at least once in two experiments”) = 3/4.
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2 1. INTRODUCTION

EXAMPLE 1.2.

1
Probability (“winning the Euromillions with one bet”) = ro otk 7x1077.
5 U2

The above definition is far from what one could consider as a useful
definition of probability. For instance, we would like to examine also
“biased” experiments, that is, with inequally possible outcomes. A way
to deal with this question is defining probability by the frequency that
some event occurs when repeating the experiment many times under
the same conditions. So,

number of favourable cases in n experiments
Probability(“event”) = lim P :

n—-+oo n

ExXAMPLE 1.3. In 2015 there was 85500 births in Portugal and
43685 were boys. So,

Probability( “it’s a boy!”) ~ 0.51.

A limitation of this second definition of probability occurs if one
considers infinitely many possible outcomes.

The modern probability is based in measure theory, bringing a fun-
damental mathematical rigour and an abrangent concept (although
very abstract as we will see). This course is an introduction to this
subject.



CHAPTER 2

Measure and probability

1. Algebras

Given an experiment we consider 2 to be the set of all possible
outcomes. This is the probabilistic interpretation that we want to
associate to €2, but in the point of view of the more general measure
theory, €2 is just any given set.

The collection of all the subsets of €2 is denoted by
P(Q) ={A: ACQ}.

It is also called the set of the parts of 2. When there is no ambiguity,
we will simply write P. We say that A° = Q \ A is the complement of
A€ Pin

As we will see later, a proper definition of the measure of a set re-
quires several properties. In some cases, that will restrict the elements
of P that are measurable. It turns out that the measurable ones just
need to verify the following conditions.

A collection A C P is an algebra of Q iff

(1) 0 € A,
(2) If A € A, then A° € A,
(3) If A;,Ay € A, then A; U Ay € A.

An algebra F of € is called a o-algebra of Q iff given Ay, A, --- € F

we have
“+o00
4. er
n=1

REMARK 2.1. We can easily verify by induction that any finite
union of elements of an algebra is still in the algebra. What makes a
o-algebra different is that the infinite countable union of elements is
still in the o-algebra.

ExAMPLE 2.2. Consider the set A of all the finite union of intervals
in R, including R and (). Notice that the complementary of an interval
is a finite union of intervals. Therefore, A is an algebra. However, the
countable union of the sets A, =|n,n + 1[€ A, n € N, is no longer
finite. That is, A is not a o-algebra.
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4 2. MEASURE AND PROBABILITY

REMARK 2.3. Any finite algebra A (i.e. it contains only a finite
number of subsets of (2) is immediately a o-algebra. Indeed, any infinite
union of sets is in fact finite.

The elements of a o-algebra F of ) are called measurable sets. In
probability theory they are also known as events. The pair (2, F) is
called a measurable space.

EXERCISE 2.4. Decide if F is a o-algebra of {2 where:

()JT 10, Q}.
(2) F=P(Q).
()]—" {0,{1,2},{3,4,5,6},Q}, Q= {1,2,3,4,5,6}.
(4) F={0,{0},R",Ry,R*R§, R\ {0}, R}, Q=R

PROPOSITION 2.5. Let F C P such that it contains the comple-
mentary set of all its elements. For Ay, Ay, --- € F,

+o0 +o00
UAieF iff ((A.eF.
n=1 n=1
PROOF. (=) Using Morgan’s laws,
+o00 +oo ¢
() An= (U A;) cF
n=1 n=1
because the complements are always in F.

(<) Same idea. O

Therefore, the definitions of algebra and o-algebra can be changed
to require intersections instead of unions.

EXERCISE 2.6. Let  be a finite set with # = n. Compute
#P(Q). Hint: Find a bijection between P and {v € R": v; € {0,1}}.

EXERCISE 2.7. Let 2 be an infinite set, i.e. #{ = +o00. Consider
the collection of all finite subsets of :

C={AecP(Q): #A < +o0}.
Is CU{Q} an algebra? Is it a o-algebra?

EXERCISE 2.8. Let Q = [—1,1] C R. Determine if the following
collection of sets is a o-algebra:

F={AeB(Q):zc A= —zecA}.

EXERCISE 2.9. Let (€2, F) be a measurable space. Consider two
disjoint sets A, B C ) and assume that A € F. Show that AUB € F
is equivalent to B € F?
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1.1. Generation of g-algebras. In many situations one requires
some sets to be measurable due to their relevance to the problem we
are studying. If the collection of those sets is not already a o-algebra,
we need to take a larger one that is. That will be called the o-algebra
generated by the original collection, which we define below.

Take I to be any set (of indices).

THEOREM 2.10. If F, is a o-algebra, o € I, then F =)
also a o-algebra.

Fo is

ael

PROOF.

(1) As for any o we have () € F,, then ) € F.

(2) Let A€ F. So, A € F, for any . Thus, A° € F, and A € F.

(3) If A, € F, we have A, € F, for any a. So, |, 4, € F, and
U, 4, € F.

g

EXERCISE 2.11. Is the union of o-algebras also a o-algebra?

Consider now the collection of all o-algebras:
¥ = {all o-algebras of Q}.

So, e.g. P € X and {0, Q} € 3. In addition, let Z C P be a collection
of subsets of 2, i.e. Z C P, not necessarily a o-algebra. Define the
subset of ¥ given by the o-algebras that contain Z:

Yr={FeX:ZCJF}

The o-algebra generated by T is the intersection of all o-algebras
containing Z,
oI)= () F.
FexXr
Hence, o(Z) is the smallest o-algebra containing Z (i.e. it is a subset
of any o-algebra containing 7).
ExXAMPLE 2.12.

(1) Let A C Q and T = {A}. Any o-algebra containing 7 has to
include the sets (), ©, A and A¢. Since these sets form already
a o-algebra, we have

o(T) = {0,Q, A, A%},

(2) Consider two disjoint sets A, B C ©Q and Z = {A, B}. The
generated o-algebra is

o(I)={0,Q,A B, A°, B, AUB,(AUB)}.
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(3) Consider now two different sets A, B C € such that ANB # (),
and Z = {A, B}. Then,
o(Z)=10,Q, A, B, A, B,
AUB,AUB‘ A°UB,(AUB), (AU B, (A°U B)",
B°U(AU B, (B°U(AU B¢,
((AUB)?) U ((A°U B)), (AU B)) U ((A°U B)))}
={0,Q, A, B, A°, B,
AUB,AUB* AUB,A“NB°, B\ A, A\ B,
(AN B)*,AN B,
(AUB)\(ANB),(A“NB)U(ANDB)}.
EXERCISE 2.13. Show that
(1) f Z, € Z, C P, then o(Z;) C o(Zs).
(2) 0(0(Z)) = o(Z) for any Z C P.
EXERCISE 2.14. Consider a finite set Q@ = {wy,...,w,}. Prove that
Z={{wi},...,{wn}} generates P(Q).
EXERCISE 2.15. Determine o(C), where
C={{z}: 2 €Q}.
What is the smallest algebra that contains C.

1.2. Borel sets. A specially important collection of subsets of R
in applications is

Z={]—o0,z] CR: z € R}.

It is not an algebra since it does not contain even the emptyset. An-
other collection could be obtained by considering complements and
intersections of pairs of sets in Z. That is,

Z'={]a,b| CR: —o00<a<b< +oo}.
Here we are using the following conventions
Ja, +00] =la,+oo[ and a,a] =0

so that () and R are also in the collection. The complement of |a, b] € Z'
is still not in Z’, but is the union of two sets there:

la, b]¢ =] — o0, a]U]b, +-00].

So, the smallest algebra that contains Z corresponds to the collection
of finite unions of sets in 77,

N
A(R):{UInCR:Il,...,INeI’,NeN},

n=1

called the Borel algebra of R. Clearly, Z C 7' C A(R).
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We define the Borel o-algebra as
B(R) = 0(Z) = o(Z') = o(A(R)).

The elements of B(R) are called the Borel sets. We will often simplify
the notation by writing B.

When (2 is a subset of R we can also define the Borel algebra and
the o-algebra on €2. It is enough to take

AQ) ={ANQ: Ae AR)} and B(Q)={ANQ: AecBR)}

EXERCISE 2.16. Check that A(£2) and B(§2) are an algebra and a
o-algebra of €2, respectively.

EXERCISE 2.17. Show that:

) B(R) # A(R).

(1

(2) Any singular set {a} with a € R, is a Borel set.

(3) Any countable set is a Borel set.

(4) Any open set is a Borel set. Hint: Any open set can be written
as a countable union of pairwise disjoint open intervals.

2. Monotone classes

We write A,, T A to represent a sequence of sets Aq, As,... that is
increasing, i.e.

Al C Ay C ... ,
and converges to the set

+oo
A=A
n=1
Similarly, A,, | A corresponds to a sequence of sets A, Ay, ... that is
decreasing, i.e.

- C AQ C Al,
and converging to

+oo
A=A
=1
Notice that in both cases, if the sets A, are measurable, then A is also

measurable.

A collection A C P is a monotone class iff

(1) if Ay, Ay, --- € A such that A, T A, then A € A,
(2) if Ay, Ay, -+ € A such that A, | A, then A € A.

THEOREM 2.18. Suppose that A is an algebra. Then, A is a o-
algebra iff it is a monotone class.

PROOF.
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(=) If Ay, Ay, -+ - € Asuch that A, T Aor A, | A, then A € A by
the properties of a g-algebra.
(<) Let Ay, Ay, --- € A. Take

Bn:LnJAZ-, n € N.

=1

Hence, B, € A for all n since A is an algebra. Moreover,
B, C B,y and B, 1 U,A, € A because A is a monotone
class.

g

THEOREM 2.19. If A is an algebra, then the smallest monotone
class containing A is o(A).

EXERCISE 2.20. Prove it.

3. Product algebras

Let (€24, F1) and (€2, F2) be two measurable spaces. We want to
find a natural algebra and o-algebra of the product space

Q=0 x Q.
A particular type of subsets of €, called measurable rectangles, is
given by the product of a set A € F; by another B € F, i.e.
Ax B={(x1,22) € Q: 21 € A, x5 € B}
={z; € A}n{xy € B}
= (A x Q)N (2 x B),

where we have simplified notation in the obvious way. Consider the
following collection of finite unions of measurable rectangles

N M
A= {UUAiXBjCQ:AiEFijG}—Q,N,MEN}. (2.1)

i=1j=1
We denote it by A = F; x Fo.

PROPOSITION 2.21. A is an algebra (called the product algebra).

PRrROOF. Notice that () x () is the empty set of € and is in A.
The complement of A X B in € is
(Ax B)={x1 & Aor zy & B}

={a1 € A} U{a2 € B}
= (A° x Q) U () x BY)
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which is in A. Moreover, the intersection between two measurable
rectangles is given by

(A1 X Bl) N (Ag X BQ) = {1'1 S Al,l’g € Bl,l’l € AQ,ZL’Q S BQ}
:{.Tl EAlﬁA2,$2 S BlﬂBg}
::@41FLA2)X (BlrLBQ%

again in A. So, the complement of a finite union of measurable rect-
angles is the intersection of the complements, which is thus in A. [

EXERCISE 2.22. Show that any element in A can be written as a

finite union of disjoint measurable rectangles.

The product o-algebra is defined as
F=0c(A).

4. Measures

Consider an algebra A of a set 2 and a function
p: A—R
that for each set in A attributes a real number or +o0, i.e. in
R =R U {—o00, +0o0}.

We say that u is o-additive if for any sequence of pairwise disjoint sets
Ay, As, - -+ € A such that U:g A, € A we have

+oo +oo
i (U An) = u(Ay).
n=1 n=1
In case it is only possible to prove the inequality < instead of the

equality, p is said to be o-subadditive.

The function p is called a measure on A iff

(1) pu(A) >0 or pu(A) = +oo for any A € A,

(2) (@) =0,
(3) u is o-additive?.

REMARK 2.23. We use the arithmetic in R by setting
(+00) + (+00) =400 and a+ 0o = +oo

for any a € R. Moreover, we write a < +00 to mean that a is a finite
number.

We say that P: A — R is a probability measure iff

'Notice that this condition is always satisfied if A is a o-algebra.
211 is called an outer measure in case it is o-subadditive.
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(1) P is a measure,
(2) P(Q) =1.

REMARK 2.24. A (non-trivial) finite measure, i.e. satisfying 0 <
1(Q) < 400, can be made into a probability measure P by a normal-

1zation:
_u(A)

P(A) = Q) Ac A

Given a measure g on an algebra A, a set A € A is said to have
full measure if p(A°) = 0. In the case of probability measure we also
say that this set (event) has full probability.

EXERCISE 2.25. (Counting measure) Show that the function that
counts the number of elements of a set A € P(Q):

H#A, HA< 400
n(A) = {
+00, c.c,
is a measure. Find the sets with full measure pu.
EXERCISE 2.26. Let pu: P(2) — R that satisfies
p@) =0, p@) =2, wA)=1, AecPQ)\{0 0}
Determine if p is o-additive.

EXERCISE 2.27. Let u, be a measure and a, > 0 for all n € N.

Prove that
+oo
H = Z Qp fhn,
n=1

is also a measure. Furthermore, show that if p, is a probability measure
for all n and ) a, =1, then p is also a probability measure.

4.1. Properties. If F is a o-algebra of (2, ;1 a measure on F and
P a probability measure on F, we say that (£, F, ) is a measure space
and (Q, F, P) is a probability space.

PROPOSITION 2.28. Consider a measure space (0, F, i) and A, B €
F. Then,

(1) p(AUB) + p(ANB) = pu(A) + u(B).
(2) If A C B, then u(A) < u(B).
(3) If AC B and p(A) < +oo, then u(B\ A) = u(B) — p(A).
PRrOOF. Notice that
AUB=(A\B)U(ANB)U(B\A)

is the union of disjoint sets. Moreover, A = (A \ B) U (AN B) and
B=(B\A)U(ANB).
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(1) We have then u(AUB) + u(ANB) = u(A\ B) + (AN B) +
p(B\A) + (AN B) = p(A) + u(B).

(2) If AC B, then B= AU(B\A) and p(B) = p(A)+u(B\A) >
1i(A).

(3) If u(A) < +oo, then u(B\ A) = u(B) — p(A). Observe that
if u(A) = +oo, then p(B) = +oo. Hence, it would not be
possible to determine p(B \ A).

O
EXERCISE 2.29. Let (2, F, u) be a measure space. Show that for
any sequence of measurable sets Aq, A, -+ € F we have
m (U An> <> (A
n>1 n>1

A proposition is said to be valid p-almost everywhere (u-a.e.), if it
holds on a set of full measure p.

EXERCISE 2.30. Consider two sets each one having full measure.
Show that their intersection also has full measure.

PROPOSITION 2.31. Let (2, F, 1) be a measure space and Ay, Ag, - -+ €
F.

(1) If A, T A, then
p(A) = lm p(A,)

n——+00
(2) If A, | A and p(Ay) < 400, then
p(A) = lim p(A,).

n—-+oo
PROOF.

(1) If there is i such that pu(A;) = +oo, then u(A,) = +oo for n >
i. So, lim, u(A,) = +00. On the other hand, as A; C |J,, An,
we have u(lJ, A,) = +oo. It remains to consider the case
where p(A,) < +oo for any n. Let Ag=0e B, = A, \ A,_1,
n > 1, a sequence of pairwise disjoint sets. Then, |J A, =
U, Bn and p(B,) = pi(A,) — p(Ay-1). Finally,

() -elue)

n

— nginoo Z(M(An) - N(An—l))

= lim p(A4,).

n—-+o00

(2.2)
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(2) Since p(A;) < 400 any subset of A; also has finite measure.
Notice that

A, = (UA;) = A\ G,

where C,, = A2 N A;. We also have C}, C Cy;1. Hence, by the
previous case,

(ﬂA)—u& (Uc>

= Tim (u(Ay) — p(C,)) (2:3)

n——+oo

= lim wp(A,).

n—-+00

ExAMPLE 2.32. Consider the counting measure . Let
A, ={n,n+1,...}.

Therefore, A = (2] A, = 0 and A,;; C A,. However, u(A,) = 400
does not converge to u( ) = 0. Notlce that the previous proposition
does not apply because u(A;) =

The next theorem gives us a way to construct probability measures
on an algebra.

THEOREM 2.33. Let A be an algebra of a set Q). Then, P: A — R
is a probability measure on A iff

(1) P(2) =1,
(2) P(AUB) = P(A) + P(B) for every disjoint pair A, B € A,
(3) lim, 1o P(A,) =0 for all Ay, Ay--- € A such that A, | 0.

EXERCISE 2.34. *Prove it.

EXERCISE 2.35. Let (2, F, P) probability space, Ay, Ag,--- € F
and B is the set of points in {2 that belong to an infinite number of
A)’s:

Show that:
(1) (First Borel-Cantelli lemma) If

ZP ) < 400,

then P(B) = 0.
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(2) *(Second Borel-Cantelli lemma) If
+oo
Z P(A,) = +o0
n=1
and . .
P (ﬂ Ai) =[Py,
i=1 i=1

for every n € N (i.e. the events are mutually independent),
then P(B) = 1.

4.2. *Carathéodory extension theorem. In the definition of
o-additivity is not very convenient to check whether we are choosing
only sets Ay, As, ... in the algebra A such that their union is still in
A. That would be guaranteed by considering a o-algebra instead of an
algebra.

Theorem 2.36 below assures the extension of the measure to a o-
algebra containing A. So, we only need to construct a measure on
an algebra in order to have it well determined on a larger o-algebra.
Before stating the theorem we need several definitions.

Let 1 be a measure on an algebra A of 2. We say that a sequence
of disjoint sets Ay, As,--- € A is a cover of A € P if

Acl 4,
J
Consider the function ;*: P — R given by
p(A) = Al,Az,l..I.lEover AZMAJ% A€P,
j

where the infimum is taken over all covers A;, Ay, -+ € A of A. Notice
that p*(0) = 0 as the empty set covers itself. Also, u*(A) > 0. To
show that p* is a measure it is enough to determine its o-additivity.

Consider now the collection of subsets of 2 defined as
M={AeP: " (B)=p"(BNA)+u(BNA°),BeP}.
THEOREM 2.36 (Carathéodory extension). u* is a measure on the
o-algebra M such that A C o(A) C M and
WH(A) = p(4), AeA
(i.e. p* extends p to M). Moreover, if p is finite, u* is the unique

extension to o(A) and it is also finite.

The remaining part of this section is devoted to the proof of the
above theorem.

LEMMA 2.37. p* is o-subadditive on P.
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PRrOOF. Take Aq, Ag,--- € P pairwise disjoint and € > 0. For each
A,, n € N, consider the cover A, 1, A2, -+ € A such that

« 9
S lAng) < B (A) + o
J

Then, because p is a measure,
o)
n j n
< Z 2 (Amj)
< g 1 (Ay) +e.

Since € > 0 is arbitrary, p* is o-subadditive. U

From the o-subadditivity we know that for any A, B € P we have
pi(B) < p(BNA) + p(BNAY).
So, an element A of M has to verify the other inequality:
p(B) Z p (BN A)+p (BN A%
for every B € P.
LEMMA 2.38. p* is finitely additive on M.

PRrOOF. Let Ay, Ay € M disjoint. Then,
1 (A1UAs) = 7 ((A1UA2) N AL )+ ((A1UA2)NAT) = p" (A1) +p"(As).
By induction we obtain the finite additivity on M. O

Notice that p* is monotonous on P, i.e. p*(C) < p*(D) whenever
C C D. This is because a cover of D is also a cover of C.

LEMMA 2.39. M is a o-algebra.

PRrROOF. Let B € P. From p*(BN0)+p*(BNQ) = p*(0)+p*(B) =

u*(B) we obtain that ) € M. If A € M it is clear that A° is also in
M.

Now, let Ay, Ay € M. Their union is also in M because
< (BNAy)+p (BN AyN A9

and

pH(B 0 (AU Ap)) = p* (BN AT N A),
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whose sum gives
P (BN (ALUAz)) + p* (BN (AU Ay)) < p* (BN Ay + pt (BN AS)
= p*(B),
where we have used the fact that A;, Ay are in M.

By induction any finite union of sets in M is also in M. It remains
to deal with the countable union case. Suppose that A, As,--- € M

and write
n—1
Efa%\<UA0, neN,
k=1

which are pairwise disjoint and satisfy
UF. =4

Moreover, since each F}, is a finite union of sets in M, then F' € M.

Finally,

p(B) = pt (Bm UFn> + (Bm <U Fn) )

> W (BNF,)+ (Bm (UFn> )

n=1

where we have used the finite additivity of p* on M along with the

facts that
+00 ¢ N ¢
(Ur) <(Us)
n=1 n=1

and p* is monotonous. Taking the limit N — +oo we obtain

w*(B) > iou* (BNEF,) +p* (Bm <Dan> )

n=1 n=1
+o0 +o0 ¢
n=1 n=1
proving that M is a o-algebra. O

LEMMA 2.40. A C o(A) C M.

PROOF. Let A € A. Given any ¢ > 0 and B € P consider
Ay, Ay, -+ € A covering B such that

p(B) <> pu(A,) < pi(B)+e.
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On the other hand, the sets Ay N A, A, NA,--- € A cover BN A and
AT NAS AN AS - € Acover BN A From Y p(A,) =, (A, N
A) 4+ (A, MA) > p* (BN A) + p*(B N A°) we obtain

pw(BNA)+p (BNA®) < u(B) +e.
Since ¢ is arbitrary and from the o-subadditivity of u* we have
iH(B) = 1" (BN A) + (B 1 A°).

So, A€ M and A C M.

Finally, as M is a o-algebra that contains A it also contains o (A).
U

LEMMA 2.41. u* is o-additive on M.

PROOF. Let Ay, As,--- € M pairwise disjoint. By the finite addi-
tivity and the monotonicity of y* on M we have

> (A = (U An> <u (U An) -

n=1

Taking the limit N — 400 we obtain

+oo +o0o
S (4 <4 (U An) |
n=1 n=1
As p* is o-subadditive on M, it is also o-additive. O

It simple to check that p* agrees with p for any A € A. In fact, we
can choose the cover equal to A itself, so that

Suppose now that p is finite. Since the cover of a set A consists of
disjoint sets Ay, Az, € A, then >, u(A;) = u(U; 4;) < p(2). Thus
w* is also finite.

The uniqueness of the extension comes from the following lemma.
LEMMA 2.42. Let i be finite. If pi and p5 are extensions of p to
M, then i = ub on o(A).

PRrROOF. The collection to where one has a unique extension is

F={AeM: pi(A) = ps(A)}.
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Taking an increasing sequence A; C As C ... in F we have

i (U An) = 4 (U An\ A)

= ZHT(An \ Anfl)
—Zﬂz \An 1

()

where Ag = (. Thus, 4, T U, A, € F. Similarly, for a decreasing
sequence we also obtain A, | (), A, € F. Thus, F is a monotone
class. According to Theorem 2.19, since F contains the algebra A it
also contains o(A). O

5. Examples

5.1. Dirac measure. Let a € Q and P: P(2) — R given by

1 A
p ( A) _ , a¢€
0, other cases.
If Ay, A,, ... are pairwise disjoint sets, then only one of the following

alternatives can hold:

(1) There exists a unique j such that a € A;. So, P(, 4,) =

1= P(A;) = ¥, P(A,)
(2) For all n we have that a ¢ A,. Therefore, P(|J, A,) = 0 =

2n P(An),

This implies that P is o-additive. Since P(Q2) = 1, P is a probability
measure called Dirac measure at a .

EXERCISE 2.43. Is
+00
1
P = —01/n-
a probability measure on P(R)?

5.2. Lebesgue measure. Consider the Borel algebra A = A(R)
on R and a function m: A — R. For a sequence of disjoint intervals
lan, b,] with a,, <b,, n € N, such that their union is in A, we define

m <U]an, bn]> => (bn — ay)

n=1 n=1
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corresponding to the sum of the lengths of the intervals. This is the o-
additivity. Moreover, m(0) = m(Ja,a]) = 0 and m(A) > 0 for any A €
A. Therefore, m is a measure on the algebra A. By the Carathéodory
extension theorem (Theorem 2.36) there is a unique extension of m to
the Borel o-algebra B also denoted by m: B — R. This is called the
Lebesgue measure on B.

REMARK 2.44. There is a larger o-algebra to where we can extend
m. It is called the Lebesgue o-algebra M and includes all sets A C R
such that there are Borelian sets A, B € B satisfying A C A C B and
m(B\ A) = 0. Clearly, B C M. We set m(A) = m(A) = m(B). The
extended function m: M — R is called the Lebesgue measure on M.

EXERCISE 2.45. Compute the Lebesgue measure of the following
Borel sets: {a}, [a,b], | — 00, a, [b, +00].

5.3. Product measure. Let (Q, F, 1) and (s, Fa, f12) be mea-
sure spaces. Consider the product space 2 = 2; x 2y with the product

o-algebra F = o(A), where A is the product algebra introduced in
(2.1).

We start by defining the product measure g = 11 X 15 as the measure
on €2 that satisfies

p(Ar X Ag) = i1 (Ar) pa(As)

for any measurable rectangle A, x Ay € F; X Fy. For other sets in A,
i.e. finite union of measurable rectangles, we define p as to make it
o-additive.

EXERCISE 2.46.

(1) Prove that if A € A can be written as the finite disjoint union
of measurable rectangles in two different ways, i.e. we can find
measurable rectangles A;xB;,i=1,...,N,j=1,..., M, and
also A} x Bl,i=1,...,N', j=1,..., M' such that

A= UUAl X Bj = UUA; X Béa
i i
then
D nlAix By) = p(A] x BY).
1,J 1,J
So, (A) is well-defined.

(2) Show that  can be uniquely extended to every measurable set
in the product o-algebra F.
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5.4. Non-unique extensions. The Carathéodory extension the-
orem guarantees an extension to o(A) of a measure initially defined on
an algebra A. If the measure is not finite (u(€2) = +00), then there
might be more than one extension, say uj and p3. They both agree
with p for sets in A but are different in some sets in o(A) \ A. Here
are two examples.

Consider the algebra A = A(R) and the measure p: A — R given
by

07
Two extensions of u to B = J(A) are
0, A=10
p1(A) = { and  ip(A) = #A,
+00, o.c.

for any A € B. Notice that py is the one given by the construction in
the proof of the Carathéodory extension theorem.

Another example is the following. Let Q = [0,1] x [0,1] and the
product algebra A = B([0, 1]) x P([0, 1]). Define the product measure
1w =mxv on Awhere v is the counting measure. Thus, two extensions
of u are

) = 3 m(4,) ad jald) = [ e,

y: (z,y)€EA
for any A € o(A), where
A, ={y€[0,1]: (z,y) € A}, A, ={xe€[0,1]: (z,y) € A}

and na(r) = #A,. In particular, D = {(z,z) € Q: z € [0,1]} is in
o(A) but not in A, and

pi(D) =0 and pe(D)=1.

The extension given by construction in the proof of the Carathéodory
extension theorem is

m x v(A), UgA, is countable and m(U,A,) =0
MA):{ (4) (Ly4y)

+00, 0.C.

So, u3(D) = +oo.






CHAPTER 3

Measurable functions

1. Definition

Let (€1, F1) and (€25, F2) be measurable spaces and consider a func-
tion between those spaces f: €y — Qo. We say that f is (Fy, Fa)-
measurable iff

fY(B)eF, Bek.
That is, the pre-image of a measurable set is also measurable (with
respect to the respective o-algebras). This definition will be useful in
order to determine the measure of a set in F, by looking at the measure
of its pre-image in F;. Whenever there is no ambiguity, namely the
o-algebras are known and fixed, we will simply say that the function
is measurable.

REMARK 3.1. Notice that the pre-image can be seen as a function
between the collection of subsets, i.e. f~': P(Qp) — P(;). So, f is
measurable iff the image under f~! of JF, is contained in JF, i.e.

[ (FR) C AL
EXERCISE 3.2. Show the following propositions:
(1) If f is (F1, F2)-measurable, it is also (F, Fz)-measurable for
any o-algebra F D Fi.

(2) If f is (F1, F2)-measurable, it is also (Fj, F)-measurable for
any o-algebra F C F».

We do not need to check the conditon of measurability for every
measurable set in F;,. In fact, it is only required for a collection that
generates JFs.

PROPOSITION 3.3. LetZ C P(Qs). Then, f is (Fi,0(Z))-measurable
i FU(T) C Fu.

PROOF.

(1) (=) Since any I € T also belongs to o(Z), if f is measurable
then f~1(I) is in Fi.
(2) (<) Let
F={Beo@): f1(B) e F}
21
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Notice that F is a o-algebra because
o [10)=0€ Fi,s00 e F.
o If B € F, then f7Y(B°) = f~1(B)¢ € F,. Hence, B is
also in F.
e Let By, By, --- € F. Then,

+oo “+o0o
7 (U Bn) = J B e R,
n=1 n=1
So, U2 B, is also in F.
Since Z C F we have o(Z) C F C o(Z). That is, F = o(Z).

O
We will be particularly interested in the case of scalar functions,
i.e. with values in R. Fix the Borel g-algebra B on R. Recall that B

can be generated by the collection Z = {] — 00, z]: x € R}. So, from
Proposition 3.3 we say that f: 2 — R is F-measurable ift

f1]—o0,z]) €F, z€R.
In probability theory, these functions are called random wvariables.

REMARK 3.4. The following notation is widely used (especially in
probability theory) to represent the pre-image of a set in Z:

{f<at={we: flw)<a}=f"(-00,2])

EXAMPLE 3.5. Consider the constant function f(w) = a, w € Q,
where a € R. Then,

F7H0 = 0ua)) = {Q T

0, z<a.

So, 7] — oo, z]) belongs to any o-algebra on Q. That is, a constant
function is always measurable regardless of the og-algebra considered.

ExXAMPLE 3.6. Let A C Q. The indicator function of A is defined

by
1, weA
Halw) = {0, w e A
Therefore,
Q, x>1
XM —o0,z])=¢ A, 0<z<1
0, x<O.

So, X4 is F-measurable iff A € F.
EXERCISE 3.7. Show that:

(1) Xpr(ay = Xyo f for any A C Qy and f: Q) — Q.
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(2) XX = Xpnp for A, B C ;.

ExAMPLE 3.8. Recall that f: R® — R is a continuous function iff
the pre-image of any open set is open. Since open sets are Borel sets,
it follows that any continuous function is B(R™)-measurable.

REMARK 3.9. In order to simplify the language and whenever there
is no ambiguity, we often write measurable without the explicit refer-
ence to the o-algebra.

PROPOSITION 3.10. Let f,g: €2 — R be measurable functions. Then,
their sum f 4 g and product fg are also measurable.

PROOF. Let F': R? — R be a continuous function and h: Q — R
given by
W) = F(f(z), g(x)).
Since F is continuous, we have that F~!(] — oo, a[) is open. Thus, for

any a € R we can write F~1(] — 00, al) = U, I, X Ji, where I, and J,
are open intervals. So,

W' (] = o0,al) = J (L) g7 () € F.

That is, h is measurable. We complete the proof by applying this to
F(u,v) =u+v and F(u,v) = uv. O

PROPOSITION 3.11. Let f: 2y — €y and g: Qs — Q3 be measurable
functions. Then, g o f is also measurable.

PROOF. Prove it. O

2. Simple functions

Consider N pairwise disjoint sets Ay,..., Ay C §2 whose union is
Q. A function ¢: Q — R is a simple function on Ay, ..., Ay if there
are different numbers c¢q,...,cy € R such that

N
Y= Z c;Xa; -
j=1

That is, a simple function is constant on a finite number of sets that
cover §2: ¢(A;) = ¢;. Hence ¢ has only a finite number of possible
values.

PROPOSITION 3.12. A function is simple on Ay, ..., An iff it is
oc({A1,...,An})-measurable.

PROOF.
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(=) For z € R, take the set J(z) = {j: ¢; < 2} C {1,...,N}.
Hence,

e -0y = [ ¢l = | A
jel@) JeI(@)

So, ¢ is 0({A1, ..., Ax})-measurable.

(<) Suppose that f is not simple. So, for some j it is not constant
on A; (and so A; has more than one element). Then, there
are wi,ws € A; and x € R such that

flwr) <z < f(wo).

Hence, wy is in f~1(] — 0o, z|) but wy is not. This means that

this set can not be any of Aj,..., Ay, their complements or
their unions. Therefore, f is not o({Ay,..., Ay})-measurable.
O

REMARK 3.13. From the above proposition it follows that a func-
tion is constant (i.e. a simple function on a unique set) iff it is mea-
surable with respect to the trivial o-algebra (thus to any other).

EXERCISE 3.14. Consider a simple function . Write |¢| and de-
termine if it is also simple.

REMARK 3.15. Consider two simple functions

N/

N
gochjXAj and gp’zZC}XA;/.

=1 j'=1
Their sum is also a simple function given by

N N’

P+ = Z Z(Cj + C}f)XAij;,,

j=1 j'=1
and their product is the simple function

N N’

e’ = Z Z Cjc;'/XAaﬂA}/'

=1 j'=1

3. Convergence of sequences of measurable functions

Consider countably many measurable functions f,,: €2 — R ordered
by n € N. This defines a sequence of measurable functions fi, fo,....
We denote such a sequence by its general term f,,. There are several
notions of its convergence:
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e f, converges pointwisely' to f (i.e. f, — f) iff
lim f,(x) = f(x) for every x € Q.
n—-+o0o

We also say that f is the limit of f,.
e [, converges uniformly to f (i.e. f, = f) iff

lim sup [f,(2) — f(z)| = 0.

n—-+o0o zeQ

e f. converges almost everywhere to f (i.e. f, == f) iff there
is A € F such that u(A) =0 and

nl_lgloo fo(z) = f(2) for every x € A“.

e f, converges in measure to f (i.e. f, & f) iff for every ¢ > 0

lim p({x € 0 |f(x) ~ F2)] 2 <h) =0,

n

REMARK 3.16. In the case of a probability measure we refer to
convergence almost everywhere (a.e.) as almost surely (a.s.), and con-
vergence in measure as convergence in probability.

EXERCISE 3.17. Let ([0, 1], B([0, 1]), m) the Lebesgue measure space
and f,(z) = 2", x € [0,1], n € N. Determine the convergence of f,.

EXERCISE 3.18. Determine the convergence of X4, when

(1) A, 1A
(2) A, | A

(3) the sets A, Ay, ... are pairwise disjoint.

A function f: Q — R is called bounded if there is M > 0 such that
for every w € Q we have |f(w)| < M.

We use the notation

fo T
to mean that f, — f and f, < f.

PRrRoOPOSITION 3.19.

(1) For every measurable function f there is a sequence of simple
functions such that ¢, 7 f.

(2) For every bounded measurable function f there is a sequence
of simple functions such that ¢, / f and the convergence is
uniform.

PROOF.

Lor simply, f, converges to f
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(1) Consider the simple functions

n2n+1

J
on=D_ (—” T ﬁ) Xag + Xyt voo)) = MA=1(1—00,—n])

=0
_ J Jj+1
An,j =1 ! (|:—n+2—n,—n+ on |:) .

Notice that for any w € A,, ; we have

where

—n+L < flw) < —n—l—jj
2n 2
and .
on(w) =—n+ S
2n
So,

F(@) = g7 < eulw) < f(0)

Therefore, ¢, — f for every w € () since for n sufficiently
large w belongs to some A4, ;.
(2) Assume that |f(w)| < M for every w € Q. Given n € N, let
2(j — )M
cj:—M—i—u, j=1,...,n.
n

Define the intervals I; = [¢;,¢;+2M /n[for j =1,...,n—1 and
I, = [cn, M]. Clearly, these n intervals are pairwise disjoint
and their union is [—M, M]. Take also A; = f~!(I;) which
are pairwise disjoint measurable sets and cover (2, and the
sequence of simple functions

Op = Z cjXa;-
j=1

On each A; the function is valued in [;, and it is always 2M /n
close to ¢; (corresponding to the length of ;. Then,

2M
sup [ (w) — f(w)] < —.
weN n
As n — 400 we obtain ¢, — f.

0

Recall the definitions of liminf and limsup for a sequence u,, in R:

lim inf = inf 1
Anfun = oup il e 3
limsupu, = inf supuy. (3.2)

n—+o00 neN p>np
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These numbers always exist in RU{—o00, +00}. Moreover, the sequence
u,, converges if they are finite and equal to the limit of w, (limw,).

PRrRoPOSITION 3.20.

(1) The infimum, supremum, minimum and mazimum of a Se-
quence of measurable functions is also measurable.

(2) The liminf, limsup and limit (if it exists) of a sequence of
measurable functions is also measurable.

EXERCISE 3.21. Prove it.

4. Induced measure

Let (€2, F1, 1) be a measure space, (€22, F2) a measurable space
and f: QO — Qy a measurable function. Notice that p; o f~1 defines a
function Fy — R since f~': F, — F; and py: Fi — R.

PROPOSITION 3.22. The function

po = o f7
1s a measure on JFo called the induced measure. Moreover, if 1 is a
probability measure, then s is also a probability measure.

EXERCISE 3.23. Prove it.
REMARK 3.24.

(1) The induced measure p;0 f ! is sometimes called push-forward
measure and denoted by f, ;.

(2) In probability theory the induced probability measure is also
known as distribution of f. If Qs = R and F» = B(R) it is
know as well as probability distribution. We will always refer
to it as distribution.

EXERCISE 3.25. Consider the measure space (2, P, d,) where ¢, is
the Dirac measure at a € Q. If f: Q — R is measurable, what is its
induced measure (distribution)?

EXERCISE 3.26. Compute mo f~! where f(z) = 2z, v € R, and m
is the Lebesgue measure on R.

5. Generation of g-algebras by measurable functions

Consider a function f: 0 — R. The smallest o-algebra of €2 for
which f is measurable is

o(f)=c({f1(B) € F: B B}).

It is called the o-algebra generated by f. Notice that f will be also
measurable for any other o-algebra containing o(f).
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When we have a finite set of funtions fi,..., f,, the smallest o-
algebra for which all these functions are measurable is
o(frree fo) = o{f7 (B) € F: BEBi=1,....n}).
We also refer to it as the o-algebra generated by fi,..., f,.

ExaMPLE 3.27. Let A C © and take the indicator function Xj4.
Then,
g(X4) =0({0,Q,A%) ={0,Q, A, A°} = o({A}).
Similarly, for Ay,..., A, C Q,

U(XA17 R XAn> = U({Al, o ,An})
EXERCISE 3.28. Decide if the following propositions are true:

(1) o(f) =o({f"(] —o0,2]: © € R}).
(2) o(f+g)=0a(f,9)

6. Extended real-valued functions

We many applications it is convenient to consider the case of func-
tions with values in R = R U {—o00, +-00}. For such cases it is enough
to consider the Borel og-algebra of R. That is defined as

B(R) = o({[~00,d]: a € R}).

Let (€2, F) be a measurable space. We say that f: Q — R is F-
measurable (a random variable) iff it is (F, B(R))-measurable. This is
equivalent to check that f~!([—o0,a]) € F for every a € R.



CHAPTER 4

Lebesgue integral

Here we define the Lebesgue integral of a measurable function f
on a measurable set A with respect to a measure p. This is a huge
generalization of the Riemann integral in R introduced in first year
Calculus. There, the functions have anti-derivatives, sets are intervals
and there is no mention of the measure, althought it is the Lebesgue
measure that is being used (the length of the intervals).

Roughly speaking, the Lebesgue integral is a “sum” of the values
of f at all points in A times a weight given by the measure u. For
probability measures it can be thought as the weighted average of f on

A.

In the following, in order to simplify the language, we will drop the
name Lebesgue when referring to the integral.

1. Definition

We will define the integral first for simple functions, then for non-
negative measurable functions, and finally for measurable functions.

1.1. Integral of non-negative simple functions. Let (Q, F, i)
be a measure space and ¢: ) — R a non-negative simple function
(¢ > 0) of the form

N
o= Z cj Xy,
j=1

where ¢; > 0. The integral of a simple function ¢ with respect to the
measure i is

/SOdM = i::CjM(Aj)-

It is a number in [0, +oo[ U{+o0}.
REMARK 4.1.

(1) If ¢; = 0 and p(A;) = 400 we set ¢;u(A;) =0. So, [0du =0
for any measure pu.

29
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(2) Consider the simple function ¢(x) = ¢ X4 + c2X4c where
pu(A) = u(A°) = +oo. If we had allowed ¢; > 0 and ¢ < 0,
then there would be an indetermination c¢;pu(A) + cou(A°) =
+00 — oo. This is why in the definition of the above integral
we restrict to non-negative simple functions.

(3) We frequently use the following notation so that the variable
of integration is explicitly written:

[edn= [ o@)duta)

PROPOSITION 4.2. Let @1, p > 0 be simple functions and ay,as >
0. Then,

(1)
/(@1@1 + azps) dp = a; /S01 dp + ay / 2 dp.

(2) If o1 < @9, then

/‘Pldﬂﬁ/%dﬂ-

(1) Let ¢, be simple functions in the form

PROOF.

N

N
o= e, P=) GXy
j=1 Jj=1

where 4; = ¢~ (¢;), A; = $71(¢;). Then,
/(SO +¢)dp = Z(Cz +¢)p(AiN ﬁ])
]
=D ey wANA)+Y G p(Ain 4.
i j j i

Notice that »_; u(A; N A;) = u(A;) because the sets A; are
pairwise disjoint and its union is €. The same applies to

/(90+§5)du=/<pdu+/<ﬁdu~

(2) Prove it.
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1.2. Integral of non-negative measurable functions. Let (Q, F, u)
be a measure space and f: 2 — R a non-negative measurable function
(f > 0). Consider the set of all possible values of the integrals of
non-negative simple functions that are not above f, i.e.

I(f) = {/(pdu: 0<e<fpis simple}.

PROPOSITION 4.3. There is a € R U{+o0o} such that I(f) = [0,qa]
or I(f) =10,al.

PROOF. Since [¢dp > 0, then I(f) C Ry U {+oo}. Moreover,
0 € I(f) because [0du = 0 for the simple function ¢ =0 and 0 < f.

Suppose now that « € I(f) with > 0. This means that there is a
simple function 0 < ¢ < fsuch that [ ¢ dy = x. Consideringy € [0, z],
let o = 2. This is also a simple function satisfying 0 < ¢ < ¢ < f.

Furthermore,
~ Y
/sodMZE/sodu:yGI(f)-

Therefore, [0,z] C I(f).

The only sets which have the property [0,z] C I(f) for every = €
I(f) are the intervals [0, a[ and [0,a] for some a > 0 or a = +00. [

The integral of f > 0 with respect to the measure p is defined to
be

/fdu =sup I(f).

So, the integral always exists and it is either a finite number in [0, +o0]
or +00.

1.3. Integral of measurable functions. Let (£, F, 1) be a mea-
sure space and f: €2 — R a measurable function. There is a simple
decomposition of f into its positive and negative parts:

fH(z) = max{f(z),0} >0
f~(z) = max{—f(z),0} > 0.
Hence,
fl@) = f"(z) = f(2)

and also
|f(@)| = max{f"(2), [ ()} = () + [ (2).

A measurable function f is integrable with respect to piff [ |f]dp <
+o00. Its integral is defined as

[tan=[rau- [ an
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The integral of f on A € F with respect to p is

Afduz/fXAdu-

EXERCISE 4.4. Consider a simple function ¢ (not necessarily non-
negative). Show that:

(1) (pXA = Zj CjXAij.
(2)

/sodu ZcmA nA).

7j=1

In probability theory the integral of an integrable random variable
X on a probability space (€2, F, P), is denoted by

/XdP

and called the expected value' of X.

REMARK 4.5. As for simple functions we will also be using the
notation:
[ sau= | @ du
A A

2. Properties

PROPOSITION 4.6. Let f and g be integrable functions and A, B €
F.

(1) If f < g p-a.e. then [ fdu < [ gdpu.

(2) If AC B, then [, |fldu < [5|f|dp.

(3) If u(A) = 0 then [, fdu = 0.

(4) If u(ANB) =0 then [, sz fdu= [, fdu+ [ fdpu.
(5) If f =0 p-a.e. then [ fdu=0.

(6) If f > 0 and X\ > 0 then

p({xe: flz) > A}) < /fd,u (Markov inequality).

()[ff>0cmdffd,uf0 then f =0 p-a.e.
(8) (inf f) u(Q) < [ fdu < (sup f) p(52).

PROOF.

11t is also known as expectation, mean value or average. It is sometimes denoted
by E[X], E(X) or (X).
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(1) Any simple function satisfying ¢ < fT a.e. also satisfies ¢ <

gt ae. since ft < gT ae. So, I(f*) < I(g") and [ fHdu <

[ 9T du. Similarly, g < f~ ae. and [g¢ du < [ f~du.
Finally, [ ftdu— [ f~du < [gTdu— [g du.

(2) Notice that [, |f|du = [|f|Xadp and similarly for the in-

tegral in B. Since |f|X4 < |f|XB, by the previous property,

T 11X dye < [ || X dp.
(3) For any simple function [¢dp = >, a;u(4; N A) = 0. Thus,

fA |f| d,u = 0.
(4) Suppose that f > 0. For any C € F we have

n((AUB)NC) = p((ANC)u(BNCO))
=uANC)+pu(BNC)

as AN BNC C AN B has zero measure. Given a simple
function 0 < ¢ < f we have

N

/AUdeu = cu(4; N (AUB))

j*l

_ch (A; N A) + (AN B))

:/godu+/<,0du.
A B

Using the relation sup(g; + g2) < sup g1 + sup g, for any func-
tions g1, g1, we obtain

/AUdeué /Afdqu/deu-

Now, consider simple functions 0 < @1, < f, Since A
and B are disjoint and 0 < o1 X4 + @2 Xp < f we get

/ o1 dp + / o dp :/ (o1 X4 + 2 Xp) dp
A B AUB

< fdp.
AUB

Considering the supremum over the simple functions, we get

/Afdqu/deué [ rau
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We have thus proved that [, . fEdu = [, f=du+ [, f=dp.
This implies that

fdp = frdp — [ dp
AUB AUB AUB

= [ st [ prau= [ fan [ an
— [ san+ | tan

(5) We have 0 < f < 0 a.e. Then, by the the first property,

JOodu < [ fdu< [0dp.
(6) Let A ={z € Q: f(x) > A\}. Then,

/fduz/Afd/LZ/AAduzku(A)-

(7) We want to show that u({z € Q: f(z) > 0}) = pof~1(]0, +00[) =
0. The Markov inequality implies that for any n € N,

po f1 ({%,jLooD Sn/fd,uzo.

Since
£71(00, +oo]) = Dof (|n=<]).
we have
o f7H(J0, +00) < iou of! (E +00 D = 0.

n=1

(8) It is enough to notice that inf f < f <sup f.

3. Examples

We present now two fundamental examples of integrals, constructed
with the Dirac and the Lebesgue measures.

3.1. Integral for the Dirac measure. Consider the measure
space (£2,P,d,) where §, is the Dirac measure at a € 2. We start
by determining the integral of a simple function ¢ > 0 written in the
usual form ¢ = Z;\le cjXa;. So, there is a unique 1 < k < N such that
a € Ay (since the sets A; are pairwise disjoint and their union is 2)
and ¢ is the value in Ag. In particular, p(a) = ¢. This implies that

/gpdéa = Z cj0a(Aj) = ¢, = p(a).

J
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Any function f: 2 — R is measurable for the o-algebra considered.
Take any f™ > 0. Its integral is computed from the fact that

I(f) ={¢(a): 0 <o < fF o simple} = [0, f*(a)].

Therefore, for any function f = f* — f~ we have
[ ras= [ rras - [ as= @)~ 5@ = o)

3.2. Integral for the Lebesgue measure. Let (R, B, m) be the
measure space associated to the Lebesgue measure m and a measurable
function f: I — R where I C R is an interval. We use the notation

/bf(t)dt: f[a,b]fdm7 CLSb
’ B f[bya] fdm, b<a,

where a,b € I. Notice that we write dm(t) = dt when the measure is
the Lebesgue one.

Consider some a € I and the function F': I — R given by

Fla) = / F(t)dt.

THEOREM 4.7. If f is continuous at x € Int I, then F is differen-
tiable at x and

PRrROOF. By the definition, the derivative of F' at z is, if it exists,

given by
Fly) = F() _ [l St

F'(xz) = lim

Yy—T y—x y—r Y —T

Now, if x < y,
y
t)dt

inffgugsupf.

[z.y] y—x [x,y]
As y — x" we get infl,, f — f(z) and supy,,, f — f(z) because f is
continuous at . Similarly for the case y < z. So, F'(z) = f(x). O

REMARK 4.8. We call F' an anti-derivative of f. It is not unique,
there are other functions whose derivative is equal to f.

EXERCISE 4.9. Show that if F; and F, are anti-derivatives of f,
then F; — I is a constant function.

THEOREM 4.10. If f is continuous in I and has an anti-derivative
F, then for any a,b € I we have

b
/ f(t)dt = F(b) — F(a).
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PROOF. Theorem 4.7 and the fact that the anti-derivative is deter-
mined up to a constant, imply that fff(t) dt = F(b) + ¢ where c is
a constant. To determine c it is enough to compute 0 = faa ft)dt =
F(a) + ¢, thus ¢ = —F(a). O

EXAMPLE 4.11. Let f: R — R given by f(z) = e *. It is a
continuous function on R and

T T >
/ eilt‘ dt — 1 e -, T = 0
0 —(1—¢€"), z<0.

4. Convergence theorems

The computation of the integral of a function f > 0 is not direct
in most cases. It requires considering all simple functions below f
and determine the supremum of the set of all their integrals. As a
measurable function is the limit of a sequence of simple functions ¢,,
it would be very convenient to have the integral of f as just the limit of
the integrals of ¢,,. This indeed is a particular case of the convergence
theorems (monotone and dominated) which study the relation between
the limit and the integral of sequences of functions.

4.1. Monotone convergence. We start by a preliminar result
that will be used later. Let (2, F, 1) be a measure space.

LEMMA 4.12 (Fatou). Let f, be a sequence of measurable functions
such that f, > 0. Then,

/lim inf f,, du < lim inf/fn dpu.
n—-+0o0o

n—-+o0o

Proor. Consider any simple function 0 < ¢ < liminf f,,,;0 < ¢ < 1
and the increasing sequence of measurable functions

Gn = ;rzlfl Jr

Thus, for a sufficiently large n we have
cp < gn < sup g, = liminf f,.
Let

A, = {z € gula) > cpla)}.
So, A, C Apyy and |J,, A, = Q. In addition,

/ csodué/ gndué/ fkduﬁ/fkdu
n An Apn

for any £ > n. Finally,

/ cpdp < inf /fk dp < liminf/fn dp.
An an
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Therefore, since the previous inequality is valid for any 0 < ¢ < 1 and

any n large,
/gpd,u < liminf/fn dp.

It remains to observe that the definition of the integral requires that

/liminffndu = sup {/(pd,u: 0<p< liminffn} .
The claim follows immediately. U

EXAMPLE 4.13. Consider f, = Xyny1. S0, [p fadm = 1 for
any n € N. Thus, liminf, ,, [ fudm = 1. On the other hand,
liminf, ;o fo(z) = Oforallz € R. Therefore, [ liminf, ., f, dm =
0, which agrees with the theorem.

The next result is the first one for limits and not just liminf.

THEOREM 4.14 (Monotone convergence). Let f, > 0 be a sequence
of measurable functions. If f, / f a.e., then

[ i o= i [ g

PROOF. Notice that [ f, < [lim, ;s fn. Hence,

limsup/fn S/ lim fn:/liminffn Sliminf/fn
n——+oo n—+00 n—-+oo n—+0o00
where we have used Fatou’s lemma. Since lim inf is always less or equal

to limsup, the above inequality implies that they have to be the same
and equal to lim. O

REMARK 4.15. This result applied to a sequence of random vari-
ables X,, > 0 on a probability space is the following: if X,, 7~ X a.s.,
then E(lim X,,) = lim E(X,,).

4.2. More properties.

PROPOSITION 4.16. Let f, g integrable functions on (0, F,P) and
a, B eR.

(1) [(of +Bg)dp=o [ fdu+ B [gdpu.

(2) If [, fdu < [ygdu for all Ae F, then f < g p-a.e.
3) If [, fdu= [,gdp for all Ae F, then f = g p-a.e.
(@) 1 [ fdpl < [Ifldp.

PROOF.
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(1) Consider sequences of non-negative simple functions ¢, » f*
and ¢, ' ¢g*. By Proposition 4.2 and the monotone conver-
gence theorem applied twice,

[+ 89 du= [ tim(ag, + 50n) da
—1im/(0és0n + B¢n) dp
zlima/gondu +lim5/¢ndu
:a/hm%du+ﬁ/hmwndu

—a [ auss [ g dn

The same is done for af~ + Sg~ and the result follows imme-
diately.

(2) By writing [,(g — f)dp > 0 for all A € F, we want to show
that h =g — f > 0 a.e. or equivalently that h™ = 0 a.e. Let

A={ze€Q: h(z) <0} ={z e Q: h (z) >0}
Then, on A we have h = —h~ and

Og/hdu:/—hdugo.
A A

Thatis, [, A~ du = 0and h~ > 0. So, by (7) of Proposition 4.6
we obtain that h~ =0 a.e.
(3) Notice that [, fdu = [, gdu implies that

/Afdus/Agdus/Afdu.

By (2) we get f < g on a set of full measure and g < f on
another set of full measure. Since the intersection of both sets
has still full measure, we have f = g a.e.

(4) From the definition of the integral

‘/fdu =’/f+du—/f‘du‘
é‘/f*du’Jr‘/fdu‘
— [rrdu+ [ 1 a
~ [171dn
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PROPOSITION 4.17. Let (Q4, F1, 1) be a measure space, (22, F2) a
measurable space and f: Q — Qo measurable. If uy = py o f=1 is the
mduced measure, then

/gdﬂzz/ go fdm
Qo Q1

for any g: Qs — R measurable.

PRrROOF. Consider a simple function ¢ in the form

+oo
Y= Z c; X, -
j=1

Then,
+o0
/ odps = Z ¢j | Xa,dpg
Q2 j=1 Qo
+o00
= ZCJ’/M o f7H(4;)
j=1
+o00
o/ dw
j=1 f=1(4y)
400
:ch Xf_1(A)d,u1
j=1 7%
— [ wosdu.
Q1

So, the result is proved for simple functions.

Take a sequence of non-negative simple functions ¢, ' gt (we can
use a similar approach for ¢g~) noting that ¢, o f 7 gt o f. We can
therefore use the monotone convergence theorem for the sequences of
simple functions ¢, and ¢, o f. Thus,

/ 9" dug = / lim @y, dpss
QQ QQ

Q2

= lim ¥n © f d/~L1
951

=/ lim gn o f djis
951

=/ g o fdun.
Q1
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U

ExAMPLE 4.18. Consider a probability space (2, F, P) and X : Q —
R a random variable. By setting the induced measure & = P o X!
and g: R — R we have

E(g(X)) = /g o X dP = /g(x) da(z).
In particular, E(X) = [z da(z).

PROPOSITION 4.19. Consider the measure

+oo
p="> anpin,
n=1

where p, is a measure and a, > 0, n € N. If f: Q — R satisfies

+0o0
>~ [ 1fldin < +oc,
n=1

then f is also p-integrable and
+o0
[ran=>"a [ sau.
n=1

PRrOOF. Recall Exercise 2.27 showing that u is a measure. Suppose
that f > 0. Take a sequence of simple functions

P = Z cjXa,
J

such that ¢ ' f as k — +o00. Then,

+oo +o0o
/on d/L = ch:u(Aj) = Zanzcj,un(Aj> = Zan/QOk dun’
j n=1 J n=1

J

which is finite for every k because ¢y, < |f]. Now, using the monotone
convergence theorem, f is p-integrable and

/f du B kgg—noo / ok d'u - kgr—&{loo mliIJrrloo bkﬂm

where
bk,m - Zan/ka: dﬂn
n=1

Notice that by, > 0, it is increasing both on £ and on m and
bounded from above. So, A = sup;, sup,, bxm = limy lim,, by ,,,. Define
also B = supy,, bx,m- We want to show that A = B.
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For all £ and m we have B > by ,,, so B > A. Given any € > 0 we
can find ky and mg such that B — e < by, < B. This implies that

A = supsup by > SUP g mg > big.me => B — €.
k m k

Taking ¢ — 0 we get A = B. The same arguments above can be used
to show that A = B = lim,,, limy, by, ,,,.

We can thus exchange the limits order and, again by the monotone
convergence theorem,

+00 +oo
/fd,u = Zan/lilgngpkdpm = Zan/fd,un.
n=1 n=1

Consider now f not necessarily > 0. Using the decomposition f =
fr—f~ with f*, f~ >0, wehave |f| = fT+f~. Thus, f is u-integrable

and
/fduz/ﬁdu—/fduzi%/(f*—f)dun.

4.3. Dominated convergence.

THEOREM 4.20 (Dominated convergence). Let f, be a sequence of
measurable functions and g an integrable function. If f, converges a.e.
and for any n € N we have

fal <9 ae,

then,
PROOF. Suppose that 0 < f,, < ¢g. By Fatou’s lemma,

/nl—1>I-&I-loo fudp < lylgligof/fn dj.

It remains to show that limsup,_,, . [ fodp < [lim, e fr dp.

Again using Fatou’s lemma,

/gdu - /nggnoo fodp = /kgrfoo(g — fn)dp

:/gd,u—limsup/fnd,u.
n—-+o00
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This implies that

limsup/fndug/ lim f, dpu.
n—-+00

n—-+o0o

For |f,| < g, we have max{f,", [, } < g and lim,, o [ fFdp =
flimn_>+oo ff dp. O

EXAMPLE 4.21.

(1) Consider © =0, 1] and

nsin T
A
So,
n 1
e T e——

As g(z) = 1/y/x is integrable,

lim /fn dm = / lim f,dm = 0.
n——+o0o n—-+o00
(2)
lim e~ @) gy dy = / lim e )" g dy = / dm = m,
R2 R D

n—-+o0o 2 N—-+00

where we have used the fact that e~ (Z+v)"| < e~ (*+v%) jg
integrable and

1 (x,y)€dD
lime~ 9" = 30, (2,y) e R2\ D
1, (z,y)eD

with D = {(z,y) € R*: 2? + y* < 1}.

EXERCISE 4.22. Determine the following limits:

(1) hmn_>+oo f+oo lﬁ—zmdr
(2) limy, o0 fo ljr/;g dx
(3) hmn_>+oof el cos™(x) dx
(4) limy, o0 [go % dx dy
5. Fubini theorem

Let (Qq,F1, P1) and (9, F2, P») be probability spaces. Consider
the product probability space (2, F, P). Given x; € )y and x5 € )y
take A € F and its sections

Ay, = {12 € Qo1 (11, 29) € A},
A:m = {l’l € Qli (SL’l,IEQ) € A}
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EXERCISE 4.23. Show that
(1) for any A C Q,
(A2 = (Asy)¢ and (A%, = (Aq,)” (4.1)
(2) for any Ay, Ag,--- C £,

(UAQ =J(4,),, and (UAO =J A, (“2

neN neN neN neN

PROPOSITION 4.24. For every x; € Q1 and xo € o, we have A,, €
F1 and A, € Fs.

PRroOOF. Consider the collection
Q:{AE}": AJ;QG./—'-l,ZEQEQQ}.
We want to show that G = F.

Notice that any measurable rectangle B = B; x By with B; € F;
and By € Fy is in G. In fact, B,, = B; if 29 € By, otherwise it is
empty.

If 7 is the collection of all measurable rectangles, then Z C G C F.
This implies that F = o(Z) C o(G) C F and o(G) = F. It is now
enough to show that G is a o-algebra. This follows easily by using (4.1)
and (4.2). O

PROPOSITION 4.25. Let A € F.

(1) The function x1 — Pa(Ay,) on € is measurable.
(2) The function x4 — P1(Ay,) on Qs is measurable.

(3)
mm:/gMMﬂwm:/amwﬂm@

PrROOF. Given A € F write fa(z1) = P2(As) and ga(zs) =
Py (A;,). Denote the collection of all measurable rectangles by Z and
consider

g = {A € F: fy and g4 are measurable,/fA dP, = /gA dPg} )

We want to show that G = F.

We start by looking at measurable rectangles whose collection we
denote by Z. For each B = By X By € Z we have that fg = Py(By)Xp,
and gp = P (B)Xp, are simple functions, thus measurable for F; and
Fa, respectively. In addition,

P(A) :/fAdpl Z/gAdPQZPl(Bl)PQ(Bz)-
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So, Z C G. The same can be checked for the finite union of measurable
rectangles, corresponding to an algebra A, so that A C G.

We now show that G is a monotone class. Take an increasing se-
quence A, T A in G. Hence, their sections are increasing as well as
fa, and ga,. Moreover, f4 = lim f4, and g4 = lim g4, are measur-
able. Finally, since [ fa,dP1 = [ ga, dP; holds for every n, by the
monotone convergence theorem [ f4 dP1 = [ gdP,. That means that
A € G. The same argument can be carried over to decreasing sequences
A, } A. Therefore, G is a monotone class.

By Theorem 2.19 we know that o(A) C G. Since F = o(A) and
G C F we obtain that G = F. Also, P(A) = [ fadP, for any A € F
by extending this property for measurable rectangles. U

REMARK 4.26. There exist examples of non-measurable sets (A C
Q but A ¢ F) with measurable sections and measurable functions

Py(A,,) and P;(A,,) whose integrals differ.

Consider now a measurable function f: 2 — R. Given x; € Q; we
define

fx1: QQ%R) fx1(x2):f($17x2)'
Similarly, for xzo € €25 let

fm: 0 — Ru fmz(xl> - f(xhx?)'

EXERCISE 4.27. Show that if f is measurable, then f,, and f,, are
measurable for each x; and x5, respectively.

Define
Ili Ql — R, Il<$1) = /fx1 dP2

and
Iy: QQ — R, ]2(1’2) = /f332 dP1

EXERCISE 4.28. Show that if f is measurable, then I; and I, are
measurable.

THEOREM 4.29 (Fubini). Let f: @ — R

(1) If f is an integrable function, then f., and f,, are integrable
for a.e. x1 and x5, respectively. Moreover, Iy and Iy are inte-
grable functions and

/fdP:/IldPlz/[zdPg.

(2) If f >0 and I, is an integrable function, then f is integrable.

EXERCISE 4.30. Prove it.
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EXERCISE 4.31. Consider the Lebesgue probability space ([0, 1], B, m).
Write an example of a measurable function f such that I; and I are
integrable but fII dP1 7é f ]2 dPQ






CHAPTER 5

Distributions

From now on we focus on probability theory and use its notations
and nomenclatures. That is, we interpret ) as the set of outcomes of
an experiment, F as the collection of events (sets of outcomes), P as
a probability measure, and measurable functions as random variables
(numerical result of an observation).

In this chapter we are going to explore a correspondence between
distributions and two types of functions: distribution functions and
characteristic functions. It is simpler to study functions than measures.
Determining a measure requires knowing its value for every measurable
set, a much harder task than to understand a function.

1. Definition

Let (€2, F, P) be a probability space and X : 2 — R a random vari-
able. The distribution of X (or the law of X)) is the induced probability
measure a: B(R) — R,

a=PoX !

In general we say that any probability measure P on R is a distri-
bution by considering the identity random variable X (z) = x so that
a=P.

It is common in probability theory to use several notations that are
appropriate in the context. We list below some of them:

1) P(X € A) = P(X7}(A)) = a(A)
(Xe A XeB)=a(ANDB)
(XeAor X €B)=a(AUB)
(X ¢ A) = a(A°)

(XeA X¢B)=a(A\B)
(
(

X < a) = a{] - 00,a))
) Pla < X <b) = a(a,b])

EXERCISE 5.1. Suppose that f: R — R is a B(R)-measurable func-
tion and « is the distribution of a random variable X. Find the distri-
bution of f o X.

47
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When the random variable is multidimensional, i.e. X: Q — RY
and X = (X1,...,Xy,), we call the induced measure a: B(R?) — R
given by a = P o X! the joint distribution of X,,...,Xy. Here we
denote the product o-algebra by B(R?).

In most applications it is the distribution « that really matters.
For example, suppose that €2 is the set of all possible states of the
atmosphere. If X is the function that gives the temperature (°C) in
Lisbon for a given state of the atmosphere and I = [20, 21],

aoll)=P(X'(I))=P(X €l)=P(20 < X <21)

is the probability of the temperature being between 20°C and 21°C.
That is, we first compute the set X ~1(I) of all states that correspond
to a temperature in Lisbon inside the interval I, and then find its
probability measure.

It is important to be aware that for the vast majority of systems
in the real world, we do not know €2 and P. So, one needs to guess
a. Finding the right distribution is usually a very difficult task, if not
impossible. Nevertheless, a frequently convenient way to acquire some
knowledge of « is by treating statistically the data from experimental
observations. In particular, it is possible to determine good approxi-
mations of each moment of order n of a (if it exists):

mn:E(X”):/x"da(a:), neN, my=1,

Knowing the moments is a first step towards a choice of the distribution
could be, but in general it does not determine it uniquely. Notice that
E(X™) exists if E(]X™]) < 400 (i.e. X™ is integrable).

REMARK 5.2.
(1) The moment of order 1 is the expectation of X,
my = B(X).
(2) The variance of X is defined as
Var(X) = B(X — E(X))? = B(X?) — E(X)? = my —m?.

(3) Given two integrable random variables X and Y, their covari-
ance is

Cov(X,Y)=E(X - EX))(Y —E(Y))) =EXY)—-EX)E(Y).
If Cov(X,Y) =0, then we say that X and Y are uncorrelated.
EXERCISE 5.3. Show that Var(X) =0 iff P(X = F(X)) = 1.

EXERCISE 5.4. Show that for each distribution « there is ng such
that m,, exists for every n < ngy and it does not exist otherwise.
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EXERCISE 5.5. Consider X, ..., X, integrable random variables.
Show that if Cov(X;, X;) =0, i # j, then

Cov <Zn: X,-) = iVar(Xi).

EXERCISE 5.6. Let X be a random variable and A > 0. Prove the
Tchebychev inequalities:

(1)

P(X| > 3) < 3 BXT)
(2) For k € N,
Var(X)

)\2

P(X - E(X)| = )) <

2. Simple examples

Here are some examples of random variables for which one can find
explicitly their distributions.

ExAMPLE 5.7. Consider X to be constant, i.e. X (z) = ¢ for any
x € 2 and some ¢ € R. Then, given B € B we obtain

X—I(B): {(Z), CgB
Q, ceB.

Hence,
a(B) = P(X~!(B)) = {JZZE?)))::O{ Zzg

That is, @ = J. is the Dirac distribution at c¢. Finally, E(g(X)) =
[ g9(z)da(z) = g(c), so m,, = ¢" and in particular
E(X)=c¢ and Var(X)=0.
EXAMPLE 5.8. Given A € F and constants cj,co € R, let X =
1 X4 + coXgc. Then, for B € B we get
A c€B,é¢B
AC, Cq ¢ B, Co € B

XU(B) =
Q, c,0€B
0, o.c.
So, the distribution of cX, is
D, ¢t € B,eo ¢ B
a(B) = 1—p, an€B,cx€B
1, C1,Co € B

0, o.c.
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where p = P(A). That is,
o= p561 + (1 - p)562

is the so-called Bernoulli distribution. Hence, E(g(X)) = [ g(z) da(z) =
pg(cr1) + (1 —p)g(c2) and m,, = pc} + (1 — p)cy. In particular,

E(X)=per+ (L=p)ea,  Var(X) = p(l —p)(c1 + ¢2)*.

EXERCISE 5.9. Find the distribution of a simple function in the
form

N
X =) ¢,
j=1

and compute its moments.

3. Distribution functions

A function F': R — R is a distribution function ift

(1) it is increasing, i.e. for any z; < xo we have F(x;) < F(z3),

(2) it is continuous from the right at every point, i.e. F(z) =
F(z),

(3) F(—o0) =0, F(4+00) = 1.

The next theorem states that there is a one-to-one correspondence
between distributions and distribution functions.

THEOREM 5.10 (Lebesgue).
(1) If a is a distribution, then
F(z) = a(] — o0, 2]), z € R,

18 a distribution function.
(2) If F is a distribution function, then there is a unique distribu-
tion o such that

af] — o0, z]) = F(x), z € R.

REMARK 5.11. The function F' as above is called the distribution
function of a. Whenever « is the distribution of a random variable X,
we also say that F'is the distribution function of X and

F(z) = P(X <uz).

PROOF.
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(1) For any x; < x9 we have | —o0, 1] C |—00, 23]. Thus, F(z;) <
F(z5) and F is increasing. Now, given any sequence z,, — a™,

=« (ﬂ] — oo,:cn]>

n=1

= a(] = o00,a]) = F(a).

That is, F'is continuous from the right for any a € R. Finally,
using Proposition 2.31,

F(—o00) = lim F(—n)

= lim_a( - oo, 1)
=« (ﬂ} — 00, —n])
— a(f) =

and

F(400) = lim F(n)

=« (U] — oo,n])

=a(R) =1.

(2) Consider the algebra A(R) that contains every finite union of
intervals of the form |a, b] (see section 1.2). Take a sequence of
disjoint intervals |ay,, b,], —0o < a,, < b, < 400, whose union
is in A(R) and define

+oo +o00o
o (U]an,bn]> = (F(by) — F(an)).
n=1 n=1
Thus, « is o-additive, a() = a(]a, a]) = 0, a(A) > 0 for any
A € A(R) because F' is increasing, and o(R) = F(4+o00) —
F(—o0) = 1. Thus, « is a probability measure on A(R). In
particular, o] — 0o, z]) = F(z), = € R.

Finally, Carathéodory extension theorem guarantees that
« can be uniquely extended to a distribution in o(A(R)) =

B(R).
|

EXERCISE 5.12. Show that for —oco < a < b < 400 we have
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(1) a({a}) = F(a) — F(a™)
(2) afla, b)) = F(b7) — F(a)
(3) afla,b]) = F(b~) — F(a™)
(4) a(la,b]) = F(b) — F(a™)
(5) a(] — o0, bf) = F(b7)

(6) a([a, +o0]) =1 = F(a™)
(7) afla, +oof) =1 = F(a)

EXERCISE 5.13. Compute the distribution function of the following
distributions:

(1) The Dirac distribution d, at a € R.
(2) The Bernoulli distribution pd, + (1 — p)d, with 0 < p < 1 and

a,beR.
(3) The uniform distribution on a bounded interval I C R
m(ANI)
A= ——= A R

where m is the Lebesgue measure.
(4) o = 19, + comy on B(R) where ¢1,¢5 > 0 and ¢ + ¢ = 1.

()

+001

a = Z 2_11571/”'

n=1

4. Classification of distributions

Consider a distribution « and its correspondent distribution func-

tion F': R — R. The set of points where F' is discontinuous is denoted
by
D={zeR: F(z") < F(z)}.

PROPOSITION 5.14.

(1) a({a}) >0 iff a € D.
(2) D is countable.
(3) D=0 iff (D) = 0.

EXERCISE 5.15. Prove this.

4.1. Discrete. A distribution function F': R — R is called dis-
crete if it is piecewise constant, i.e. for any n € N we can find a,, € R
and p,, > 0 such that > p, =1 and

+o00
F($) = an‘)q—oo,an](x) = Z DPn-
n=1

an>T
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A distribution is called discrete iff its distribution function is dis-
crete. So, a discrete distribution « is given by

a(A) =Y pda(A) = 3 b A€BR)

an€A
EXERCISE 5.16. Show that «(D) = 1 iff «v is a discrete distribution.
ExXAMPLE 5.17. Consider a random variable X such that P(X €
N) = 1. So,
+o00
P(X >n) =) _ P(X =i).

Its expected value is then

E(X) = /Xdpzioip(xzi)

+oo 1
= > ) P(X =)

i=1 n=1
400 400

= > ) P(X =)

n=1 i=n

= inP(X >n).

4.2. Absolutely continuous. We say that a distribution func-
tion is absolutely continuous if there is an integrable function f > 0
with respect to the Lebesgue measure m such that

F(x):/_z fdm, xeR.

In particular, F is continuous (D = (). Recall that by the fundamental
theorem of calculus, if F is differentiable, then F'(x) = f(x).

A distribution is called absolutely continuous iff its distribution
function is absolutely continuous. An absolutely continuous distribu-
tion « is given by

a(A) = / fdm, A€ B(R).
A
The function f is known as the density of a.

EXAMPLE 5.18. Take Q = R, F = B(R) and the Lebesgue measure
m on [0, 1]. For a fixed r > 0 consider the random variable

X(w) = w" Ao 100 (w)-
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Thus,

0, <0
] — o0, 2], x>0

{Xéﬂz{

and the distribution function of X is

0, <0
Flz)=m(X <z)=<2'", 0<z<1
1 x> 1.

Y

The function F' is absolutely continuous since

F(z) = / oL

where f(t) = F'(t) is the density function given by

1,
£y = 1 Ko 0),

4.3. Singular continuous. We say that a distribution function
is singular continuous if F is continuous (D = () but not absolutely
continuous.

A distribution is called singular continuous iff its distribution func-
tion is singular continuous.

4.4. Mixed. A distribution is called mized iff it is not discrete,
absolutely continuous or singular continuous.

5. Convergence in distribution

Consider a sequence of random variables X,, and the sequence of
their distributions «,, = P o X '. Moreover, we take the sequence of
the corresponding distribution functions F,, and of the characteristic
functions ¢,,.

We say that X,, converges in distribution to a random variable X
iff
lim F, =F D¢
Jim Fu(z) = F(z), «e D"

where F' is the distribution function of X and D the set of its discon-
tinuity points. We use the notation

X, % x.

Moreover, we say that a,, converges weakly to a distribution « iff

Jim [ saon= [ a0
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for every f: R — R continuous and bounded. We use the notation

w
oy — Q.

It turns out that it is enough to check the convergence of the above
integral for a one-parameter family of complex-valued functions g,(z) =
e where t € R. Recall that e = cos(tx) + isin(tx), so that

/em da(z) = /cos(tm) da(x) +i/sin(tx) do(z).
THEOREM 5.19. Let a,, be a sequence of distributions. If

lim e do,
n—-+00

exists for every t € R and it is continuous at 0, then there is a distri-
bution o such that o, — .

PRrROOF. Let F), be the distribution function of each «,. Let r; be
a sequence ordering the rational numbers. As F,(r1) € [0, 1] there is a
subsequence ki(n) (that is, k1: N — N is strictly increasing) for which
Fy (n)(r1) converges when n — +o00, say to b,. Again, Fy ) (r2) €
[0, 1] implies that there is a subsequence kq(n) of ki(n) (meaning that
ky: N — ki(N) is strictly increasing) giving Fi,(m)(r2) — by,. Induc-
tively, we can find subsequences k;(n) of k;_1(n) such that Iy, (r;) —
br,. Notice that the sequence m(n) = k,(n) is a subsequence of k;(n)
when n > j. Therefore, for any j we have that F,)(r;) — by,. Since
each distribution function F,, is increasing, for rationals r < ' we have
for any sufficiently large n that Fy, ) (1) < Fpm ().

Define G,, = Fym). So, Gp(r) — b, for any r € Q. In addition,
for rationals r < r’ it holds b, < b,,. We now choose the function
G: R — [0,1] by

G(z) = ir>1f by
We will now show that G is also a distribution function.
For xy < x5 it is simple to check that
G(z1) = inf b, < inf b, = G(z2),
r>ry r>xo
so that G is increasing. Take a sequence x, — x*. Hence G(x) =
O

The following theorem shows that convergence in distribution for
sequences of random variables is the same as weak convergence for their
distributions. Moreover, this is equivalent to showing convergence of
the integrals for a specific complex function z +— €* for each t € R.
This last fact will be explored in the next section, and this integral will
be called the characteristic function of the distribution.
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THEOREM 5.20 (Lévy-Cramer continuity). For eachn € N consider
a distribution o, with distribution function F,. Let « be a distribution
a with distribution function F'. The following propositions are equiva-
lent:

(1) F, = F on D¢,
(2) an, = a,
(3) for each t € R,

lim [ "™ da,(r) = /em do(z).

n—-+4o0o

PROOF.

(1)=(2) Assume that F,, — F on the set D¢ of continuity points of
F. Let ¢ > 0 and a,b € D¢ such that a < b, F(a) < ¢ and
F(b) > 1 —e. Then, there is ng € N satisfying

F.(a) <2 and F,(b)>1—2¢

for all n > ny.
Let § > 0 and f continuous such that | f(x)| < M for some
M > 0. Take the following partition

N
Ja,0] = \J 1, 1; =laj, a;11],
j=1
where a = ay < --- < ayy1 = b with a; € D such that

max f — min f < 6.
I; 1

Consider now the simple function

h(z) = Z flag) ;.

Hence,

|f(z) = h(z)| <6, =z €la,b].

In addition,
/ (f—h)dan+/ fda,
la,b] Ja,b]¢

‘ / (f - h) da,
5 an(Ja,b]) + (max| f1) (Fa(a) + 1 — Fo(b))
0+ 4Me.

‘ / (f —h)da
In addition,

an(lj) — a(ly) = Fu(aj) — Flajp) — (Falay) — F(ay))

<
<

Similarly,

<0+ 2Me.
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converges to zero as n — +o0o and the same for

'/hdan—/hda

Therefore, using

oo fr

we obtain

Zf(%‘) (an(l) — a(ly))

_ ‘/(f—h)dan—/(f—h)doz
+/hdozn—/hda

/fdan—/fda

Being € and ¢ arbitrary, we get o, — a.
(2)=(1) Let y be a continuity point of F. So, a({y}) = 0. Consider

lim sup <26+ 6Me.

n—-+0o00

A =] — 00, y[ and the sequence of functions
17'r S - ZLIC
fil@) = -2"@—y), y-g<z<y
0, T >,

where k € N. Notice that f,  X4. Thus, using the domi-
nated convergence theorem

F(y) =a(A) = /XAda = /li}gnfkda = li]{:n/fkda.
Since fi is continuous and bounded, and f; < X4,
liin/fk da = lilrfn lim/fk. day,

< liin lim inf/XA dov, = liminf F,,(y)

where it was also used the fact that F,(y~) < F,(y).

Now, take A =] — 00, y| and
Lz<y
fil@)=q 25—y +1, y<z<y+x

Similarly to above, as fr \, X4,
F(y) = liin lim/fk doy, > liin lim sup / Xy day, = limsup F,(y).

Combining the two inequalities,

limsup F,(y) < F(y) < liminf F},(y)
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we conclude that F(y) = lim,, F,(y).

(2)=>(3) Define g;(z) = €™ = cos(tx) + isin(tz) for each t € R. Since
cos(tx) and sin(tz) are continuous and bounded as functions
of x, by (2) we have lim,, [ g:(x) doy,(z) = [ g:(2) da(z).

(3)=-(2) This follows from Theorem 5.19 by noticing that ¢ — [ €"* da(x)
is continuous at 0.

g

EXERCISE 5.21. Show that if X,, converges in distribution to a
constant, then it also converges in probability.

6. Characteristic functions

A function ¢: R — C is a characteristic function iff

(1) ¢ is continuous at 0,
(2) ¢ is positive definite, i.e.

=1 j=1

for all z1,...,2, €C, t1,...,t, e Rand n € N,
(3) ¢(0) = 1.

The next theorem states that there is a one-to-one correspondence
between distributions and characteristic functions.

THEOREM 5.22 (Bochner).

(1) If « is a distribution, then

o(t) = /em do(z), t eR,

1 a characteristic function.
(2) If ¢ is a characteristic function, then there is a unique distri-
bution o such that

/em da(x) = ¢(t), teR.

The above theorem is proved in section 6.3.

REMARK 5.23. The function ¢ as above is called the characteristic
function' of . Whenever « is the distribution of a random variable
X, we also say that ¢ is the characteristic function of X and

o(t) = B(e™).

11t is also known as the Fourier transform of o.. Notice that if « is absolutely
continuous then ¢ is the Fourier transform of the density function.
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ExXAMPLE 5.24. The characteristic function of the Dirac distribu-
tion J, at a point a € R is

o(t) = / e db,(z) = e

EXERCISE 5.25. Let X and Y = aX + b be random variables with
a,b € R and a # 0. Show that if ¢x is the characteristic function of
the distribution of X, then

oy (t) = e®px(at), t €R,
is the characteristic function of the distribution of Y.

EXERCISE 5.26. Let X be a random variable and ¢x its character-

istic function. Show that the characteristic function of —X is
o_x(t) = ox(—t).

EXERCISE 5.27. Let ¢ be the characteristic function of the distri-
bution a. Prove that ¢ is real-valued (i.e. ¢(t) € R, t € R) iff « is
symmetric around the origin (i.e. a(A) = a(—A), A € B).

6.1. Regularity of the characteristic function. We start by
presenting some facts about positive definite functions.

EXERCISE 5.28. Show the following statements:

(1) If ¢ is positive definite, then for any a € R the function ¢ (t) =
e ¢(t) is also positive definite.

(2) If ¢, ..., ¢, are positive definite functions and ay,...,a, > 0,
then """  a;¢; is also positive definite.

LEMMA 5.29. Suppose that ¢: R — C is a positive definite function.
Then,

(1) 0. < 16(8)] < 6(0) and $(—1) = (@) for every t € R
(2) for any s,t € R,

[6(t) — o(s)|* < 46(0) |$(0) — o(t — s)].

(3) ¢ is continuous at 0 iff it is uniformly continuous on R.

PROOF.
(1) Take n =2, t; = 0 and t5 = t. Hence,
qﬁ(O)zﬁl + ¢(—t)21§2 + ¢<t>2271 + ¢(0)2222 c RS_
for any choice of 21,2, € C. In particular, using z; = 1 and
2y = 0 we obtain ¢(0) € Rj. On the other hand, 2; = 2z = 1

implies that the imaginary part of ¢(—t) + ¢(t) is zero. For
z; = 1 and 29 = i, we get that the real part of ¢(—t) — ¢(t) is

zero. Finally, z; = Zy = \/—¢(t) yields that [¢(t)] < ¢(0).
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(2) Fixing n € N and ty,...,t, € R we have that the matrix
[¢(t; — t;)]i; is positive definite and Hermitian. In particular,
by choosing n = 3, t; = t, to = s and t3 = 0, we obtain that

¢(0) ot —s) ¢(t)
ot—s) ¢0)  o(s)

(t) ¢(s)  ¢(0)

has a non-negative determinant given by

$(0)* +2Re((t — 5)o(s)d(t)) — G(0) (|o(&)* + |(s)* + o (t — 5)[*) > 0.

Hence, assuming that ¢(0) > 0 (otherwise the result is imme-
diate),

6~ 6() = 6P + 16 —2Res ()
2 P(s)p(t) 2
< 9(0)" +2Re(d(t —s) — ¢(0))W — |o(t — s)|
<

((0) — |o(t = s))(0(0) + [p(t — s)| + 2¢(0))
< 49(0)[¢(0) — o(t — s)|.

(3) This follows from the previous estimate.

4

The previous lemma implies that any characteristic function ¢ is
continuous everywhere and its absolute value is between 0 and 1. In
the following we find a condition for the differentiability of ¢.

PRroOPOSITION 5.30. If there is k € N such that
/|l‘|k da(z) < +o0,
then ¢ is C* and ¢®(0) = i*my,.

ProoF. Let k£ = 1. Then,

/
o) = iy s
] (C
= lim [ eitoC do(z)
s—0 S
= 51—I>% e — n| o\xr
+o0 /. \np
/ z’tmz (’l%) lim s™ ldoz(x)
— n! s=0
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This integral exists (it is finite) because
/emix do(z)

by hypothesis. Therefore, ¢ exists and it is a continuous function of ¢.
In addition, ¢'(0) = ¢ [ @ da(z). The claim is proved for k = 1.

< /|x|d0z(x) < 400

We can now proceed by induction for the remaining cases & > 2.
This is left as an exercise for the reader. O

6.2. Examples.

EXERCISE 5.31. Find the characteristic functions of the following
discrete distributions a(A4) = P(X € A), A € B(R):

(1) Dirac (or degenerate or atomic) distribution

a(A):{l’ a€A

0, o.c.

where a € R.
(2) Binomial distribution with n € N:

a({k}) =Cpp*(1—p)"", 0<k<n.

(3) Poisson distribution with A > 0:
k

a({k}) = % ke NU{0}.

This describes the distribution of ’rare’ events with rate \.
(4) Geometric distribution with 0 < p < 1:

a({k}) = (1 —p)*p, keNU{0}.
This describes the distribution of the number of unsuccessful

attempts preceding a success with probability p.
(5) Negative binomial distribution

a({k}) = Gy 11 = p)*p", ke NU{0}.

This describes the distribution of the number of accumulated
failures before n successes. Hint: Recall the Taylor series of
L =Y"1% a for |z < 1. Differentiate this n times and use
the result.
EXERCISE 5.32. Find the characteristic functions of the following
absolutely continuous distributions a(A) = P(X € A) = [, f(z)dx,
A € B(R) where f is the density function:

(1) Uniform distribution on [a, 0]

fla) = {ﬁ, x € |a, b

0, o.c.
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(2) Exponential distribution
flxy=¢e" >0

(3) The two-sided exponential distribution
1
flz) = §e_|x|, reR

(4) The Cauchy distribution

1 1
r)=———, Tz€R
Hint: Use the residue theorem of complex analysis.
(5) The normal (Gaussian) distribution with mean p and variance
02 >0 . ,
(z—p)
e 202 , zEeR

fx) =

2mo

6.3. Proof of Bochner theorem.

PROPOSITION 5.33. Consider a distribution o and the function

o(t) = /em da(z), teR.
Then, ¢ is a characteristic function, i.e.

(1) ¢(0) =1,
(2) ¢ is uniformly continuous,
(3) ¢ is positive definite.

PROOF.

(1) ¢(0) = [ da = 1.
(2) For any s,t € R we have

()~ 61| = | [ (¢ = ) dao)
< /|€isz| |€i(tfs):r _ 1| dOé(l’)
= / e t=9% _ 1| da(x).

Taking s — t we can use the dominated convergence theorem
to show that

lim / et _ 1] da(z) = / lim [¢"=*)* — 1| da(z) = 0,

s—t s—t

being enough to notice that |e!*=** — 1| is bounded. So,
lim |¢(t) — &(s)| = 0,

meaning that ¢ is uniformly continuous.
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(3) For all z1,...,2, €C, ty,...,t, e Rand n € N,

bt —t)zz = Y 7 /ei(ti_t‘j)w do(z)

3,j=1 1,7=1

n n
— / Z 2" Z z;ei% do(x)
i=1 j=1
n
= / Z Zieitix
i=1
U

PROPOSITION 5.34. If ¢: R — C is a characteristic function, then
there is a unique distribution o such that

/ ' da(z) = ().

2
da(z) > 0.

PROOF. O






CHAPTER 6

Limit theorems

Let (2, F, P) be a probability space and (R, B) the Borel measur-
able space. A discrete-time stochastic process is a sequence of random
variables X,,: Q — R, n € N. We denote the stochastic process simply
by its n-th term X,,.

A continuous-time stochastic process is a one-parameter family of
random variables X;: 0 — R, ¢t > 0. At every instant of time t we
have a random variable Xj;.

In this chapter we are interested in stochastic process in discrete
time that are sequences of independent random variables having the
same distribution. We call those sequences iid (independent and iden-
tically distributed). In the next chapters we will study examples of
stochastic processes that are dependent and do not have the same dis-
tribution.

In the following, whenever there is a property valid for a set of full
probability measure, we will use the initials a.s. (almost surely) instead
of a.e. (almost everywhere).

1. Independent random variables

Two events A; and A, are independent if they do not influence each
other in terms of probability. This notion is fundamental in probability
theory and it is stated in general in the following way. Let (2, F, P) be
a probability space. We say that A;, Ay € F are independent events iff

P(A1NAy) = P(A)) P(Ay).
EXERCISE 6.1. Show that:

(1) If A; and A, are independent, then A§ and A, are also inde-
pendent.

(2) Any full probability event is independent of any other event.
The same for any zero probability event.

(3) Two disjoint events are independent iff at least one of them
has zero probability.

(4) Consider two events A; C As. They are independent iff A;
has zero probability or Ay has full probability.

65
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EXAMPLE 6.2. Consider the Lebesgue measure m on Q = [0, 1] and
the event I; = [0, 3]. Any other interval I = [a,b] with 0 < a <b <1
that is independent of I; has to satisfy the relation P(l; N [0,1]) =
%(b—a). Notice that a < % (otherwise I; N1 = () and b > % (otherwise
I, C ). So, b=1—a. That is, any interval [a,1 —a] with 0 < a < 3
is independent of [0, £].

EXERCISE 6.3. Suppose that A and C' are independent events as
well as B and C' with AN B = (). Show that AU B and C' are also
independent.

EXERCISE 6.4. Give examples of probability measures P, and P,
and of events A; and As such that Pj(A; N Ay) = Pi(Ay) Pi(A2) but
Py(A; N Ag) # Py(Ay) Py(Az). Recall that the definition of indepen-
dence depends on the probability measure.

Two random variables X, Y are independent random variables iff
P(XEBhYGBz):P(XGBl)P(YEBQ), Bl,BQEB.

REMARK 6.5. The independence between X and Y is equivalent to
any of the following propositions. For any Bi, By € B,

(1) X~1(By) and Y !(B,) are independent events.

(2) P((X,Y) € B1 X Bg) = P(X € Bl) P(Y € Bg)

(3) Oéz(Bl X Bg) = Oéx(Bl) Ozy(Bz), where Qg = PoZz! is the
joint distribution of Z = (X,Y), ax = Po X! and ay =
P oY~! are the distributions of X and Y, respectively. We
can therefore show that the joint distribution is the product
measure

ay = O0x X Qy.

ExXAMPLE 6.6. Consider simple functions

N N’
X=> Xy, Y= ZCSXA;.

i=1 j=1

Then, for any By, By € B,
X'B)= |J A Y'By)= |J 4

i1 c;€By J: C;EBQ
These are independent events iff A; and A are independent for every
1,].

PROPOSITION 6.7. Let X and Y be independent random variables.

Then, there are sequences p,, and ¢!, of simple functions such that

(1) on /X and o), /Y,
(2) @, and ¢, are independent for every n € N.
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Proor. We follow the idea in the proof of Proposition 3.19. The
construction there guarantees that we get ¢, X and ¢, 7Y by
considering the simple functions

n2nt1 .
J
j=0

where

and
n2n+1

=2 ( nt o ) Xy + XY ([too)) — NAY=1(—00,-n]

7=0
AI o Yfl o j j + ]' ]
n,) 2n’ on

It remains to check that ¢, and ¢/, are independent for any given
n. This follows from the fact that X and Y are independent, since any
pre-image of a Borel set by X and Y are independent. U

where

PROPOSITION 6.8. If X and Y are independent, then
E(XY)=EX)E(Y)
and

Var(X +Y) = Var(X) + Var(Y).

Proor. We start by considering two independent simple functions
p=>_;¢iXa, and ¢' =3, ¢/, Xa . The independence implies that
So,

Zc]c P(A;NA}) = E(p) E(¢).

The claim follows from the application of the monotone convergence
theorem to sequences of simple functions ¢, /X and ¢!, /Y which
are independent.

Finally, it is simple to check that Var(X +Y") = Var(X)+ Var(Y') +
2E(XY)—2E(X)E(Y). So, by the previous relation we complete the
proof. Il

PROPOSITION 6.9. If X and Y are independent random variables
and f and g are B-measurable functions on R, then

(1) f(X) and g(Y) are independent.
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(2) E(f(X)g(Y)) = E(f(X)) E(¢(Y))  E(|f(X)]), E(lg(Y)]) <

+00.
EXERCISE 6.10. Prove it.

EXAMPLE 6.11. Let f(z) = 22 and g(y) = ¢¥. If X and Y are
independent random variables, then X2 and e¥ are also independent.

The random variables in a sequence X7, Xs, ... are independent iff
for any n € N and By,..., B, € B we have

P(Xi€Bi,...,X, € By) = P(X, € B))-- P(X,, € By).
That is, the joint distribution of (Xi,...,X,) is equal to the product
of the individual distributions for any n € N.

EXERCISE 6.12. Suppose that the random variables X and Y have
only values in {0,1}. Show that if E(XY) = E(X)E(Y), then X,Y
are independent.

Recall the definition of variance of a random variable X,
Var(X) = B(X?) — B(X)?,
and of covariance between X and Y,
Cov(X,Y)=E(XY)—-EX)E(Y).
Notice that if X,Y are independent, then they are uncorrelated since

Cov(X,Y) =0.

EXERCISE 6.13. Construct an example of two uncorrelated random
variables that are not independent.

EXERCISE 6.14. Show that if Var(X) # Var(Y), then X +Y and
X — Y are not independent.

Two o-algebras F;, F» are independent iff every A; € F; and A, €
JF> are independent.

EXERCISE 6.15. Show that two random variables X,Y are inde-
pendent iff o(X) and o(Y') are independent.

2. Sums of random variables

Let (2, F, P) be a probability space and X;, Xs random variables
with distributions aq, as, respectively. Consider the measurable func-
tion f: R? — R given by f(xy,x3) = o1 + x5, which is measurable with
respect to the product Borel o-algebra G.

The convolution of ay and as is defined to be the induced product
measure on B
ay*ay = (a X ag) o f1.
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In addition, oy * a2(§2) = 1. So, the convolution is a distribution which
turns out to be of the random variable X; + X5.

PROPOSITION 6.16.
(1) For every A € B,

(a1 x ) (A) = /al(A — o) dag(x2),

where A —xo ={y —xy € R: y € A}.
(2) The characteristic function of ag * ag is

¢a1*a2 = ¢a1 (baza

where ¢, is the characteristic function of «;.
(3) ag x e = ag x .

PrROOF. Writing f,,(z1) = f(x1,22) and using Proposition 4.17
and the Fubini theorem we get:

(1)
(o1 * ap)(A) = / Xay) d(on = a2)(y)
_ /.)(Aof(xl,xg)d(m X ag)(z1, T2)
://Xfwl(A)(ah)dal(xl)dQQ(x2>
_ / ar (£ (A))dan(z2)
_ /al(A—xQ)dQQ(xg).

(3) By the previous result, it follows from the fact that the char-
acteristic functions are equal.

g
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PropPoOSITION 6.17. Let X4,..., X, be independent random wvari-
ables with distributions oy, . .., a,, respectively, and

Sn:ZiL;X,-.

) fp = Q1 % -+ %y, 1S the distribution of S,,.
) Pun = Pay - - - P, i the characteristic function of fu,.
)

EXERCISE 6.18. Prove it.

EXAMPLE 6.19. Let A €]0,1[. Consider a sequence of independent
random variables X,,:  — {—A", A"} with Bernoulli distributions

1
ay = —(5_)\71 + 5>\n)
2
The characteristic function of «,, is

ox, (1) = cos(tA"™).

Write now
i=1

whose distribution p,, = aq *- - -, is called Bernoulli convolution. It
has characteristic function
n

os, (t) = H cos(tA’).

=1

3. Law of large numbers

Let (2, F, P) be a probability space and X, Xs,... a sequence of
random variables. We say that the sequence is i.d.d. if the random
variables are independent and identically distributed. That is, all of

the random variables are independent and share the same distribution
a=PoX; ! neN.

THEOREM 6.20 (Weak law of large numbers). Let X1, Xs,... be an
i.i.d. sequence of random variables. If E(|X1|) < 400, then

1 n
=3xS B(X)).
n

=1
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PROOF. Let ¢ be the characteristic function of the distribution of
X (it is the same for every X,,, n € N). Since E(|X;|) < 400, we have
¢'(0) = iE(X;). So, the first order Taylor expansion of ¢ around 0 is

o(t) = 1 +iE(X))t + oft),

where |t| < r for some sufficiently small » > 0. For any fixed ¢t € R and
n sufficiently large such that |t|/n < r we have

o(£) -t o (L),

Thus, for those values of ¢t and n, the random variable M,, = % S X
has characteristic function

Oult) = o (%)n = [1 FIB(X) +0 (%)]

Finally, using the fact that (14+a/n4o0(1/n))" — e* whenever n — +o0,
we get

: _ iE(Xl)t
i () = €7

This is the characteristic function of the Dirac distribution at E(X}),
corresponding to the constant random variable E(X;). Therefore, M,
converges in distribution to £(X;) and also in probability by Proposi-
tion 5.21. U

REMARK 6.21. Notice that
1 n
o
n <
=1

is the average of the random variables X, ..., X,,. So, the weak law of
large numbers states that the average converges in probability to the
expected value.

EXERCISE 6.22. Show that the weak law of large numbers does not
hold for the Cauchy distribution.

THEOREM 6.23 (Strong law of large numbers). Let Xy, Xo,... be
an i.i.d. sequence of random variables. If E(|X;]) < +o0, then

1 n
=3 Xi = E(X)) ae
n
i=1
PROOF. Visit the library. O

4. Central limit theorem

Let (€2, F, P) be a probability space.



72 6. LIMIT THEOREMS

THEOREM 6.24 (Central limit theorem). Let X, Xs, ... be an i.i.d.
sequence of random variables. If E(X;) =0 and 0* = Var(X;) < 400,
then for every x € R,

1 < 1 T a2
Pl — X, <z|— e 277 gt
<\/ﬁ; o ) 27m/oo

REMARK 6.25. The central limit theorem states that S,/y/n con-
verges in distribution to a random variable with the normal distribu-
tion.

PROOF. It is enough to show that the characteristic function ¢, of
1 n
L3
a i=1
converges to the characteristic function of the normal distribution.

Let ¢ be the characteristic function of X, for any n. Its Taylor
expansion of second order at 0 is

o(t) =1— %02t2 + o(t?),

with [t| < r for some r > 0. So, for a fixed t € R and n satisfying

it/ <1 (ie. n>t2/r?),
()t eell)

o) <[ ()]

Taking the limit as n — 400 we obtain
Dn(t) — e/,

Then,

i

EXERCISE 6.26. Write the statement of the central limit theorem
for sequences of i.i.d. random variables X,, with mean u. Hint: Apply
the theorem to X,, — p which has zero mean.



CHAPTER 7

Conditional expectation

In this chapter we introduce the concept of conditional expectation.
It will be used in the construction of stochastic processes which are
not sequences of i.i.d. random variables. We start by looking at an
important result in the theory of the Lebesgue integral, the Radon-
Nikodym theorem.

1. Radon-Nikodym theorem

Let (£2, F, 1) be a measure space.

THEOREM 7.1. Let f be an integrable function. Then,

y(A):/Afdu, Ae 7T,

defines a o-additive function v: F — R. Moreover, if f > 0 a.e. then

vV is a measure and
/ngZ/gfdu (7.1)
A A

for any function g integrable with respect to v and A € F.

REMARK 7.2. In the conditions of the above theorem we get v(A) =
Jydv = [, fdpu. It is therefore natural to use the notation

dv = fdpu.

PROOF. Let Ay, Ay, --- € F be pairwise disjoint and B = U;:’f A;.

Hence,
V(B):/Jgfdu:/fXBdu.

Define g, = fXp, where B, = |J._, 4;. So, g, < fAXp = limg,. By
the monotone convergence theorem, [ lim g, dy = lim [ g, du. That is,

+o0 —+oo
/fdeu: lim / fd,u:Z/Afdp:Zy(Ai)
e By i=1 YA i=1

where we have used [, fdu=3_", [, fdu obtained by induction of
the property in Proposition 4.6. Therefore, v is og-additive.

By Proposition 4.6, v() = 0 because p(0) = 0. As f > 0 a.e, we
obtain v(A) = [, fdu > [, 0du =0, again using Proposition 4.6.

73
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Finally, choose a sequence of simple functions ¢, g each written
in the usual form

N
Qpn = Z CjXAj'
j=1

Applying the monotone convergence theorem twice we obtain

/gdu— lim ©n dv
A

n——+o00 A

= nl_l&loo Z civ(A;NA)

J

:n1—1>r—|{100 Z Cj/AfXAJ‘ d’u

— lim /fsondu:/gfdu-
n—-+oo A A

ExampPLE 7.3. Consider f: R — R given by

fla) = { e

0, x <0,
and the measure v: B(R) — R,
v(A) = / fdm.
A

So, m([n — 1,n]) =1 for any n € N, and

v(ln—1,n]) = /”1 etdt =e"(e—1),

which goes to 1 as n — +oo. Moreover, if g(z) = 1, then g is not
integrable with respect to m since we would have [gdm = m(R) =

+o00. However,
+oo
/gdyz/gfdm:/ e tdt =1.
0

Also, ¥(R) = 1 and v is a probability measure.

Let (€2, F) be a measurable space. We say that a function \: 7 — R
is a signed measure iff X is o-additive. Any measure is obviously also
a signed measure.

EXERCISE 7.4. Show that if A\ is a signed measure and there is
A € F such that A(A) is finite, then A(()) = 0.
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ExamMpLE 7.5. If p; and py are measures, then A = pp — o is a
signed measure (but not a measure). In fact, for a sequence Aj, As, ...
of pairwise disjoint measurable sets,

G090
= ZMI(AH) - M2(An)

+o0
n=1
by the o-additivity of the measures.

A signed measure A is absolutely continuous with respect to a mea-
sure p iff for any set A € F such that u(A) = 0 we also have \(A) = 0.
That is, every p-null set is also A-null. We use the notation

AL .

EXAMPLE 7.6. Consider the measurable space (I, B) where [ is an
interval of R with positive length, the Dirac measure 9, at some a € [
and the Lebesgue measure m on I. For the set A = {a} we have
m(A) = 0 but 6,(A) = 1. So, d, is not absolutely continuous with
respect to m. On the other hand, if A =1\ {a} we get §,(A) = 0 but
m(A) =m(I) > 0. Hence, m is not absolutely continuous with respect
to 4,.

EXAMPLE 7.7. If i is a measure and f is integrable, then

\A) = [

is a signed measure by Theorem 7.1. Moreover, if p(A) = 0 then the
integral over A is always equal to zero. So, A < pu.

The above example is fundamental because of the next result.

THEOREM 7.8 (Radon-Nikodym). Let A\ be a signed measure and
w a measure both finite (i.e. |A(A)| < +oo and u(A) < +oo for all
Ae F). If X < p, then there is an integrable function f such that

/\(A):/fdu, Ae F.
A
Moreover, f is unique p-a.e.

PRroOOF. Visit the library. U

REMARK 7.9.
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(1) The function f in the above theorem is called the Radon-
Nikodym derivative of A\ with respect to u and denoted by

Hence,

/—du, AeF.

(2) If X is also a measure then 92 > 0 a.e.
EXAMPLE 7.10.

(1) Consider a countable set Q = {aj,as,...} and F = P(Q).
If 14 is a finite measure such that all points in €2 have weight
(i.e. p({an}) > 0 for any n € N) and A is any finite signed
measure, then the only possible subset A C Q with pu(A) =0
is the empty set A = (). So, A\(A) is also equal to zero and

A < p. Since
w(A) = p({an})
an€A
and
d\ d\
AHay, —/ —(x)dp(z) = —(an)pu({an}),
({an}) - du( ) dp(x) dﬂ( Ju({an})
we obtain
d\ A{an,
dp n({an})
This defines the Radon-Nikodym derivative at p-almost every
point.

(2) Suppose that Q = [0,1] € R and F = B([0,1]). Take the
Dirac measure dy at 0, the Lebesgue measure m on [0, 1] and
= 360 + 3m. If p(A) = 0 then 360(A) + $m(A) = 0 which
implies that dp(A) = 0 and m(A) = 0. Therefore, Jy < p and
m < . Notice that for any integrable function f we have

Afdu:%Afd50+%Afdm.

Therefore, for every A € F,

ddo ddy
A) = g

and also
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Aiming at finding the Radon-Nikodym derivatives, we first
choose A = {0} so that

éﬂqo)zg’ dm
du du
Moreover, let A € F be such that 0 ¢ A. Thus,

/d—dodmzo, /d—mdm:2.
A dp A dp

By considering the o-algebra F” induced by F on ]0, 1] we have that the
Radon-Nikodym derivatives restricted to the measurable space (0, 1], F7)
are measurable and so the above equations imply that

déo() 2, x=0 dm<) 0, =0
—I\T) = —Ir) =
du 0, o.c. du

ProOPOSITION 7.11. Let v, A\, i be finite measures. If v < X\ and
A L p, then

(0) = 0.

2, o.c.

(1) v < p
(2)
dv_dvdx
dp  dhdp
PrOOF.

(1) If A € F is such that p(A) = 0 then A(A) = 0 because A < p.
Furthermore, since v < A\ we also have v(A) = 0. This means
that v < p.

(2) We know that

So,
B dv I\ — dv d\

Tl L™
where we have used (7.1).

v(A)

2. Conditional expectation

Let (Q,F,P) be a probability space and X: Q@ — R a random
variable (i.e. a F-measurable function). Define the signed measure
A: F — R given by

A@n:/me BeF.
B
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Recall that the Radon-Nikodym derivative is an F-measurable function
and it is of course given by

dA
dP

Consider now a o-subalgebra G C F and the restriction of A to G.
That is, Ag: G — R such that

:/XdP, Aeqg.
A

= X.

If the random variable X is not G-measurable, it is not the Radon-
Nikodym derivative of A\g. We define the conditional expectation of X
given G as

d)\g
X 8.
B(X|g) =" as
which is an G-measurable function. Therefore,
Ag(A) = / E(X|G)dP = / XdP, Aeg. (7.2)
A A

REMARK 7.12. The conditional expectation E(X|G) is a random
variable on the probability space (2, G, P).

PROPOSITION 7.13. Let X be a random wariable and G C F a
o-algebra.

(1) If X is G-measurable, then E(X|G) = X a.s.
(2) E(E(X]9)) = E(X).

(3) If X >0, then E(X|G) >0 a.s.

(4) E(E(X[0)]) < E(X]).

(5) E(1G) =1 a.s.

(6)

For every ci,co € R and random variables Xy, Xo,
E(c1 X1 + o Xo|G) = e E(X4|G) + caE(X3|G).
(7) If h: Q — R is G-measurable and bounded, then
E(hX|G) = hE(X|G) a.s.
(8) If G1 C G2 C F are o-algebras, then
E(E(XG2)|G1) = E(X[G1).
(9) If : R — R is convex, then
E(¢po X|G) > ¢o E(XI|G) a.s.

PROOF.

(1) If X is G-measurable, then it is the Radon-Nikodym derivative
of A\g with respect to P.
(2) This follows from (7.2) with A = €.

'In particular E(X|F) = X
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(3) Consider the set A = {E(X|G) < 0} which is in G since
E(X|G) is G-measurable. If P(A) > 0, then by (7.2),

0§/XdP=/E(X|g)dP<O,
A A

which is false. So, P(A) = 0.
(4) Consider the set A = {E(X|G) > 0} € G. Hence,

PIEXIO) ~ [ BXIg) P~ [ B(xig)ap

= /XdP— XdP
A Ae

gt/uwm+ X|dP = E(|X]).
A Ac

(5) Since X = 1 is a constant it is G-measurable. Therefore,
E(X|G) = X as.
(6) Using the linearity of the integral and (7.2), for every A € G,

/E(Cle—f—CQXQ’g) dP = /deP+CQ/X2dP
A

- /A(clE(X1|Q)+C2E(X2|g>)dP

Since both integrand functions are G-measurable, they agree
a.s.

(7) Assume that h > 0 (the general case follows from the decom-
position h = h™ — h™ with h™ A~ > 0). Take a sequence of
G-measurable non-negative simple functions ¢, * h of the

form
On = Z CjXAj7
J
where each A; € G. We will show first that the claim holds
for simple functions and later use the monotone convergence
theorem to deduce it for h. For any A € G we have that
ANA; ed. Hence

/E(gan|Q)dP = /<andP
A A
= > ¢ X dP

j ANA;

= ch E(X|G)d

ANA;

= /gan(X|g) dP
A
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By the monotone convergence theorem applied twice,

/E(hxyg)dp - /limgonXdP
A A
= lim/E(gan|g)dP
A
= lim/gan(X\g)dP
A

_ / hE(X|G) dP.
A
(8) Let A € G;. Then,

/E(E(X\Q2)|gl)dP = /E(X\QZ)dP

_ /AXdP:/AE(XIQl)dP

since A is also in G,.
(9) Do it as an exercise.

O
REMARK 7.14. Whenever the o-algebra is generated by the random
variables Y7, ....Y,,, we use the notation
EX|Y1,...,.Y,) = EX|oc(Y1,...,Y))
which reads as the conditional expectation of X given Y;,... Y.

PropPOSITION 7.15. Let X,Y1,...Y, be independent random vari-
ables. Then,
E(X|Yy,...,Y,) = E(X) a.s.

EXERCISE 7.16. Prove it. Hint: First do it for X for some B

independent of o(Y7,...,Y,). Then, for simple functions that converge
to X.

ExAMPLE 7.17. Fixing some event B € F notice that the o-algebra
generated by the random variable Xp is o(Xp) = {0,Q, B, B°}. As
E(X|Xp) is o(Xp)-measurable it is constant in B and in B

a,, r€B
E(X|X =
(X15)(a) { T
By (7.2) we obtain the conditions
CL1P(B) + CLQP(BC> =

E(X)
a,P(B) = / X dpP

a;P(B°) = [ XdP.

BC
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So, if 0 < P(B) < 1 we have

[eXdP e B
E(X[Xp)(x) = {f;()'i')dP c
W, rE€B

_JpXdP o fpXdP

P(B) P(Be)

Finally, if P(B) =0 of P(B) = 1 we have
E(X|Xp)(z) = E(X) a.e.
REMARK 7.18. In the case that P(B) > 0 we define the conditional

expectation of X given the event B as the restriction of E(X|X35) to
B and use the notation

[, X dpP

P(B)
In particular, for the event B = {Y = y} for some random variable Y’
and y € R it is written as E(X|Y =v).

E(X|B) = E(X|Xp)|s =

EXERCISE 7.19. Let X be a random variable.

(1) Show that if 0 < P(B) < 1 and «, 5 € R, then
E(X|aXs + BX5:) = E(X|Xg).
(2) Let Y = ay X, + aeXp, where BN By = () and «y # ap. Find

E(X|Y).
EXERCISE 7.20. Let Q = {1,2,3,4,5,6}, F = P(Q),
L r=1,2
P({z}) = %, x =34
%, xr=9,0,
X(&) = {2, r=12
8, x=3,4,5,6,

and Y = 4.)({17273} + 6‘)({4,5,6}' Find E(X’Y)
3. Conditional probability

Let (€2, F, P) be a probability space and G C F a o-subalgebra.
The conditional probability of an event B € F given G is defined as
the G-measurable function

P(B|G) = E(X5|G).

REMARK 7.21. From the definition of conditional expectation, we
obtain for any A € G that

/AP(B|g)dP:/AE(XBIQ)sz/AXBdPZP(AﬂB)-
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THEOREM 7.22.
(1) If P(B) =0, then P(B|G) =0 a.e.
(2) If P(B) =1, then P(B|G) =1 a.e.
(3) 0 < P(B|G) <1 a.e. forany B F.
(4) If By, Bs,- -+ € F are pairwise disjoint, then

“+o0o +oo
}’<tJBMQ)::§:}%BAg) a.e.
n=1 n=1

(5) If B € A, then P(B|G) = Xp a.e.
EXERCISE 7.23. Prove it.
REMARK 7.24.

(1) Similarly to the case of the conditional expectation, we de-
fine the conditional probability of B given random variables
}/17 R Yn by

P(B|Y1,...,Y,) = P(Blo(Yy,...,Y,)).
Moreover, given events A, B € F with P(A) > 0, we define
the conditional expectation of B given A as
P(ANB)
P(B|A) = E(XlA)|4 = ———
(BIA) = B(Xs|A)|a = — 5

which is a constant.
(2) Generally, without making any assumption on P(A), the fol-
lowing formula is always true:

P(B|A)P(A) = P(AN B).

(3) Another widely used notation concerns events determined by
random variables X and Y. When B = {X = 2z} and A =
{Y =y} for some z,y € R, we write

P(X =z|Y =y)P(Y =y)=P(X =2,V =y).
EXERCISE 7.25. Show that for A, B € F:

(1) Assuming that P(A) > 0, A and B are independent events iff
P(B|A) = P(B).

(2) P(A|B) P(B) = P(B|A) P(A).

(3) For any sequence C,Cs, - - - € F such that P(J,C,) =1, we
have

P(A|B) =) P(ANC,|B). (7.3)

and

P(A|B) =) P(A|C, N B)P(C,|B). (7.4)



CHAPTER 8

Markov chains

1. The Markov property

Let (2, F,P) be a probability space and S C R a countable set
called the state space. For convenience we often choose S to be

S={1,2,...,N}
where N € NU {+o0}. We are considering both cases of S finite or
infinite.
A stochastic process Xg, X1,... is a Markov chain on S iff for all
n >0,

(1) P(X,€98) =1,
(2) it satisfies the Markov property: for every ig, ..., i, € S,

P(Xn+1 — in+1‘Xn - ’én, . e 7X0 - 20) - P(XnJrl - ?:n+1|Xn — Zn)
This means that the next future state only depends on the present one.

The system does not have “memory” of the past.

Notice that the distributions of each X,, are not given, apart from
the fact that they should be concentrated on S. We will see that they
are determined by the knowledge of the above conditional probabilities
(that control the evolution of the system) and the initial distribution
of XQ.

We will denote by

l’]

the transition probability of moving from state ¢ to state j at time
n > 1. This defines the transition probability matrix at time n given by

T, = ij]

3,J€S °
Notice that T,, can be an infinite matrix if S is infinite.

PROPOSITION 8.1. The sum of the coefficients in each row of T,
equals 1.

83
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PrOOF. The sum of the coefficients in the i-th row of T,, is

dowl = P(Xy =X =)

j€s jes
jes
=P(X, € 8|X,-1=1)
=1
because P(X, € S) = 1. O

A matrix M with dimension r X r (r € N or r = 400) is called a
stochastic matriz iff all its coefficients are non-negative and

M(1,1,...)=(1,1,...),

i.e. the sum of each row coefficients equals 1. Thus, the product of two
stochastic matrices M; and M, is also a stochastic matrix since the co-
efficients are again non-negative and M;My(1,...,1) = My(1,...,1) =
(1,...,1).

The matrices T, are then stochastic. In fact, any sequence of sto-
chastic matrices determines a Markov chain.

PROPOSITION 8.2. Given a sequence T, = [r};]ijes of stochastic
matrices, any stochastic process X,, satisfying for everyn > 1

P(X,=j|lXp1=1)= 7TZ]-
1s a Markov chain.

EXERCISE 8.3. Prove it.

Let X,, be a Markov chain. The distribution of each X,,, n > 0 is
given by Po X! and it can be represented by a vector with dimension
equal to #5:

an = (n1,n2,...) where o,; =P(X,=7), jeSI.

We say that «, is the distribution of X,,. Notice that

PROPOSITION 8.4. If ag is the distribution of X, then
oy = OéoTl...Tn

is the distribution of X, n > 1.
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PROOF. If n = 1 the formula states that

2 : 1
Qa1 = Q0kT,

kes
= ZP(XO =k)P(X1 = j|Xo = k)
k

=Y P(Xy=j,Xo=k)
:P<X1 :j>

which is the distribution of X;. We proceed by induction for n > 2
assuming that o, 1 = agT7...T,_1 is the distribution of X,,_;. So,

— n
Onj = E :anflykﬂ-k,j

k
=Y P(Xyo1 =k)P(X, = j|Xu_1 = k)
k

= P(X,=j X, =k)
k

= P<Xn = ])
that is the distribution of X,,. O
A vector (ig,i1,...,4,) € S x -+ x S defines a trajectory of states

visited by the stochastic process up to time n. We are interested in
computing its probability.

PROPOSITION 8.5. If ag is the distribution of Xy, then for any
10y --s0n €S andn > 1,
P(onio,...,Xn:in):Oé(]’ioﬂ'l LTy

iOail : inflﬂ'n'
PROOF. Starting at n = 1 we have
P(XO - io,Xl - Zl) - P(XO - Zo)P<X1 — ’il‘XO — ’Lo)
= 040,1'07110,2’1-

By induction, for n > 2 and assuming that P(Xy = g,..., X1 =

; _ . 1 n—1
n—1) = Qo Wiy iy - -+ Wi o4, We get

P(on’lo,,Xn:Zn) :P<X0:’i0,...7Xn,1 :Z'nfl)
P(Xn = in|XO =10, - - - 7Xn—1 = in—l)

— 1 n—1 . .
=Q0,ig g 4q - - - 7T¢,L,2,¢,L,1P(Xn = ip| Xp—1 = in_1)

_ 1 n
=Q0,i0 Tig iy = Tipy_1,ins

where we have used the Markov property. Il

The probability of a trajectory given an initial state is now simple
to obtain. It also follows the n-step transition probability.
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PROPOSITION 8.6. If P(Xy =1i) > 0, then

(1) P(X1 = ’il,...,Xn = Zn|X0 = ’L) = 71'2»17%»1 "'Tr”ﬁz—l,in'
(2)
P(X, = j|Xo=i) =n" (8.1)
where WZ(Z) is the (i, j)-coefficient of the product matriz Ty ... T,.
PROOF.

(1) Tt is enough to observe that

and use Proposition 8.5.
(2) Using the previous result and (7.3),

P(X,=jlXo=i)= Y P(Xi=ip,...,Xo1=in1,Xpn=j|Xo=1)

1 2 n—1 n
= E T T . .. T T .
2,01 721,22 In—2,tn—1" tn—1,)
11 5eeesbn—1

-----

Now, notice that

Zﬂ-i{ilﬂ-ghb = ZP(XQ = i2|X1 = il,XO = ’L) P(Xl = i1|X0 = Z)

== P(X2 - i2|X0 — Z),

where we have used the fact that it is a Markov chain and (7.4).
Moreover, using the same arguments

ZP<X2 — i?lXO — i)ﬂ'g — ZP(Xg — ig‘XQ — iQ,XO — Z) P(XQ - Z'2|X0 - Z)

12,13
2 i1

= P(X3 = i3 X = ).

Therefore, repeating the same ideia up to the sum in 4, 1, we
finally prove the claim.

U

REMARK 8.7. Given any increasing sequence of positive integers
U, (8.1) implies that the sequence of (stochastic) product matrices

Ty T, Tuysr - Ty Tog i1 - Ty - -
corresponds to the transition matrices of the Markov chain

Xo, Xuss Xugs Xug - - -
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2. Homogeneous Markov chains

We are going to focus now on a special class of Markov chains, when
the transition probabilities do not depend on the time n, i.e.

Tl = T2 = e e e — T = [ﬂ-l,j]l,]es
These are called homogeneous Markov chains.
By Proposition 8.4 we have that the distribution of X, is

o, = o™,

EXAMPLE 8.8. Let S = {1,2,3} and

1
i
3
1

We can represent this stochastic process in graphical mode.

1
3

T —

O W=
QWi

Moreover, starting with some distribution ay of Xy we can get the
distribution a; = a1 of X as

7j=1
1 1
= 5P(Xo = 1) + 3 P(Xo = 2) + P(Xo = 3)
1 1
1 1
P(X, =3) = {P(Xo=1) + 3 P(¥Xo = 2)

Similar relations can be obtained for the distribution «,, of X, for
any n > 1. In addition, given X, = 1 the probability of a trajectory
(1,2,3,1) is

1
P(Xl :2,X2:37X3: 1|XO: 1): E
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Whenever og,; = P(Xo =1) > 0 by (8.1) we get

P(X, = j|Xo = i) =7

i,J

where 7ri(3) is the (i, j)-coefficient of T". In fact, all the information
about the evolution of the stochastic process is derived from the power
matrix T called the n-step transition matrix. It is also a stochastic
matrix. In particular, the sequence of random variables

X07 Xn7 X2n7 X3n7 s

is also a Markov chain with transition matrix 7™ and called the n-step
Markov chain.

Notice that we can include the case n = 0, since
1, i=j
0, ©# 7.

This corresponds to the transition matrix 7° = I (the identity matrix).

) = P(Xo = j|Xo = i) = {

EXAMPLE 8.9. Let

[l

Ol
[

Then,

2 2

3 1
T2:{% %] and TSZ[

ENJ[Sto e

3
i]~
4

The Markov chain corresponding to 7' can be represented graphically
as

1
2
l
2 j() 1 ()

Moreover, the two-step Markov chain given by T2 looks like

1
1
3 1
1 1 2
2

Finally, the three-step Markov chain is
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EXERCISE 8.10 (Bernoulli process). Let S =N, 0 < p < 1 and
P(X,p1=i+1X,=10)=p
P( X1 =i|X,=1i)=1—p,
for every n > 0, ¢ € S. The random variable X, could count the

number of heads in n tosses of a coin if we set P(Xy = 0) = 1. This is
a Markov chain with (infinite) transition matrix

1—p »p 0
T = lL—p p
0 -
ie. fori,7 €N
lL—p, i=]
Tij = D, 1+1=7
0, 0.cC.

Show that
P(X,=jlXo=1)=C] p'1—p)" 7", 0<j—i<n

3. Classification of states

Consider a homogeneous Markov chain X,, on S. The time of the
first visit to i € S (regardless of the initial state) is the random variable
ti: Q@ = NU {400} given by

L min{n > 1: X,, =4}, if there is n such that X,, =i,
"] 4o, if for all n we have X, # 1.
EXERCISE 8.11. Show that t; is a random variable.

EXERCISE 8.12. Show that

ti=  Xiny.

n>1

The distribution of ¢; is then given by
Plti=n)=P(X1#4,..., X1 #1,X,=1), neN,
and
P(ti=400) =P (X1 #i,Xo#1,...).
A state i is called recurrent iff
P(t; = 40| Xy =1) = 0.
This is also equivalent to
P(X, #i4,Xo#14,...|Xg=1) =0.
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It means that the process returns to the initial state ¢ with full proba-
bility. A state ¢ which is not recurrent is said to be transient. So,

S=RUT,
where R is the set of recurrent states and 7" its complementary in S.

REMARK &.13. Notice that

{X,, =i for some n > 1} = U{Xn =i}
= (ﬂ{xﬁéi}) .

Hence, i € R iff
P(X, =i forsomen >1|Xqg=1)=1.
PROPOSITION 8.14. Leti € S. Then,

(1) i € R iff

+oo
Z ng) = +o00.
n=1

(2) Ifi € T, then for any j € S
—+oc0o
Z 7TJ(-Z) < +o00.
n=1

REMARK 8.15. Recall that if Y  w, < +oo, then u, — 0. On
the other hand, there are sequences u, that converge to 0 but the
corresponding series does not converge. For example, > 1/n = +oo.

PROOF.

(1)

(=) If i is recurrent, then there is m > 1 such that
P(X,, = i|Xo = i) > 0.

From (7.4) and the Markov property, for any ¢ > m we
have

P(X,=j|Xo=1) =Y _ P(X, = j|Xpm = k)P(Xp, = k| Xo = i).
keS

Next, we prove by induction that for ¢ = sm with s € N
and j = ¢ we have

P(Xyn = i|Xo = i) >P(X,p = i| Xy = 0)°.
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This is clear for s = 1. Assuming that the relation above
is true for s,

=i|Xo = 1) 2P (X(s11ym = 1| X = 1) P(X,, = i| Xy = 1)
=P(Xsm = i|Xo =) P(X,, = i|Xo = 1)
>P(X,, = i|Xo =4)**h

Thus,

+o0 +o0o

doal? = Y P(X, =ilXo=1i)

n=1 n=1

+oo
> > P(X,, =i|Xy =1i)* = +o0.
s=1
Suppose now that ) sz) = +4o00. Using (7.4), since

+oo
d P(ti=k) =1,
k=1

we have
= P(X,=1iXo=17)

+oo
- ZP(Xn =ilt; =k, Xo = j)P(t; = k| Xo = j).
k=1

The Markov property implies that

P(X,=ilti=k Xo=7) = P(X, =i|X), =i) =a""

for 0 < k < n and it vanishes for other values of k. Recall

that {t;, = k} = {X1 # 1,..., X1 # 1, Xy = i} and
0
m;; = 1. Therefore,

) — Zﬂz(z—m]a(ti = k| X, = §). (8.2)
k=1
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For N > 1 and j = i, the following holds by resummation

7R Pt = k| Xy = i)

]
h
WE
M:

n=1 n=1 k=1

N N

=Y > mi VPt = KXo =)
k=1 n=k
N N—k

=Y Plti=kXe=10)> a7
k=1 n=0
N N

<Y P(t; = k|Xo = i) (1 + Zﬁjﬁ) .
k=1 n=1

Finally,

1>) Pt =k Xy =i) > ="
k=1 1+ anl 771(,1‘)

as N — 400, which implies

— 1

+oo
P(t; < +00|Xo =) = Y _P(t; = k| Xg =) = 1.
k=1

That is, 7 is recurrent.
(2) Consider a transient state 7, i.e. ) WZ(Z)

we have by resummation

< 4o00. Using (8.2)

—+00 +oo n
domy =30 mi Pt = KXo = )
n=1 n=1 k=1

+00 oo
=S Plti= kX =) 7
i -
<Y 7l < 4oo.
n=1

g

EXAMPLE 8.16. Consider the Markov chain with two states and
transition matrix
01
T L O].

{T, n odd

I, n even.

Thus,

T" =
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It is now easy to check for ¢ = 1,2 that

—+oco
Z ng) = +o00.
n=1

Both states are recurrent.

The mean recurrence time 7; of the state i is the expected value of
t; given XO = i,

Using the convention

0, a=20
+00.a =
400, a >0,

we can write
+oo
7i =Y nP(t; =n|Xo = i) + 00.P(t; = +0o| Xo = i).
n=1
Thus, 7, > 1 or 7, = 400. Notice also that if P(Xy = ¢) = 0, then

REMARK 8.17. If i € T, ie. P(t; = 400|Xg = i) > 0, then
T; — +00.

So, only recurrent states can have finite mean recurrence time. We
will classify them accordingly.

A recurrent state i is null iff 7; = 400 (7,71 = 0). We write i € Ry.
Otherwise it is called positive, i.e. 7; > 1 and ¢ € R,. Hence,

R=RyUR,.
PROPOSITION 8.18. Leti € S. Then,

lim WZ(?Z) = 0.
n—+oo

(2) If 1; = +o0, then for any j € S

lim 7T](Z) = 0.
n—-+o0o ’

EXERCISE 8.19. Prove it.
The period of a state i is given by
Per(i) = ged{n > 1: WZ(Z) > 0}.

Furthermore, i is periodic iff Per(i) > 2. It is called aperiodic iff
Per(i) = 1.

REMARK &.20.
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(1) If n is not a multiple of Per(i), then 7% = 0.

i?

(2) If WZ(Z) > ( for every n > 1, then 7 is aperiodic.

Finally, a state 7 is said to be ergodic iff it is recurrent positive and
aperiodic.

EXERCISE 8.21. Given a state ¢ € S, consider the function N;: €2 —
NU {+o0} that counts the number of times the chain visits its starting
point i:

+00
Ni = X
n=1

(1) Show that N; is a random variable.
(2) Compute the distribution of V;.
(3) What is P(N; = 400) if i is recurrent and if it is transient.
EXERCISE 8.22. Consider a homogeneous Markov chain on the state
space S = N given by
P(X1:i|X0:i):T, 222,
PXi=i-1Xo=d)=1—r, 1> 2,
: 1 .
P(X1:]|X0=1)=§7 J=1
(Classify the states of the chain and find their mean recurence times:

(1) by using the stationary distribution.
(2) * by computing the probability of first return after n steps,
P(ti=n|Xy=1) forie S.

EXERCISE 8.23. Show that
(1) i€ Ry iff 3, 7" = 400 and limy, oo 7y # 0,
(2) i € Ry iff ¥, 7% = +o0 and lim, o0 77 = 0.
(B)ieTiff Y, WI(Z) < 400 (in particular lim, ﬂfg) =0).

Conclude that 7; = 400 iff lim,,_, sz) =0.

4. Decomposition of chains

Let 7,5 € S. We write
1]
whenever there is n > 0 such that m{? > (. That is, the probability
of eventually moving from ¢ to j is positive. Moreover, we use the
notation
14— 7
ifi— 7 and j — 1.
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EXERCISE 8.24. Consider ¢ # j. Show that ¢ — j is equivalent to

+o0
D Pty =n|Xg=1i) >0
n=1
PROPOSITION 8.25. <— is an equivalence relation on S.

PROOF. Since 7Ti(2) = 1, we always have ¢ <— ¢. Moreover, having

1 <—> 7 is clearly equivalent to j <— 4. Finally, given any three states
1,7,k such that ¢« +— j and j <— k, the probability of moving from 4
to k is positive because it is greater or equal than the product of the
probabilities of moving from ¢ to j and from j to k. In the same way
we obtain that k& — 7. So, 1 +— k. O

Denote the sets of all states that are equivalent to a given i € S by
[i]={jeS:ie—j},

which is called the equivalence class of i. Of course, [i] = [j] iff i +— j.
The equivalence classes are also known as irreducible sets.

THEOREM 8.26. If j € [i], then

) Per(i) = Per(j).

) i is recurrent iff j is recurrent.

) i is null recurrent iff j is null recurrent.

) i 1is positive recurrent iff j is positive recurrent.

(1
(2
(3
(4

Proor. We will just prove (2). The remaining cases are similar
and left as an exercise.

Notice first that

ﬂ_gzl+n+r) _ Z 7T7;(T2+n)7'('](;:i)
k
> i

7T],L

(n)
ﬂ-zk ﬂ—k] j’L

( ) _(n)__(r)
Tig T4 T

v

Since ¢ «— j, there are m,r > 0 such that 7T ™) (r) > 0. So,

(m+n+r)
(n) (X
) < =
oS
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This implies that
+00

+o0o
(n) 1 (mtntr)
2_:17% = o) >

7 70 n=1
“+oo
1

SomcP I

Tig Tji n=1
Therefore, if 7 is transient, i.e.

+oo
Z ﬂfg) < 400,
n=1
then j is also transient. U

Consider a subset of the states C' C S. We say that C' is closed iff

for every ¢ € C' and j ¢ C' we have 7r§71j) = 0. This means that moving
out of C'is an event of probability zero. It does not exclude outside
states from moving inside C, i.e. we can have 7rj(-71i) > 0.

A closed set C' made of only one state is called an absorving state.

PROPOSITION 8.27. Ifi € R, then [i] is closed.

PROOF. Suppose that [i] is not closed. Then, there is some j & [i]
Tl]l;h that 7T£71j) > 0. That is, i — j but j 4 i (otherwise j would be in
i]). So,

P(ﬂ{Xn#iHXo—i) 2P<{X1_j}ﬂﬂ{Xn7éi}|X0_i>

n>1 n>2
=P (X, = j|Xo=19) =) > 0.
Taking the complementary set

P (U{Xn =i} X, :i) —1-P (ﬂ{Xn + i} X, :i> <1.

n>1 n>1

This means that 7 € T'. O
The previous proposition implies the following decomposition of the
state space.

THEOREM 8.28 (Decomposition). Any state space S can be decom-
posed into the union of the set of transient states T and closed recurrent
wrreducible sets C1,Cy, ... :

S=TUuC,uUCyU....
REMARK &8.29.

(1) If [¢] is not closed, then i € T
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(2) If X is in C, then X, stays in Cy forever with probability 1.

(3) If Xy is in T, then X, stays in T or moves eventually to one
of the C}’s. If the state space is finite, it can not stay in T
forever.

4.1. Finite closed sets.

ProrosiTiON 8.30. If C C S is closed and finite, then
CNR=CNR,#0.
Moreover, if C is a irreducible set, then C C R,.

PROOF. Suppose that all states are transient. Then, for any ¢, 7 €

C we have W](-’? — 0 as n — 400 by Proposition 8.14. Moreover, for

any j € C we have
> _mi =1

So, for any € > 0 there is N € N such that for any n > N we have

WJ(Z) < e. Therefore,

1= Zwﬁ) < e#C,
ieC
which implies for any e that #C < 1/e. That is, C' is infinite.
Assume now that there is © € Ry N C. So, by Proposition 8.18 we

have for any 7 € C that 7T(»1Z) — 0 as n — +00. As before,
YD

7,
jec
and the limit of the left hand side is zero unless C' is infinite.

Finally, if C' is irreducible all its states have the same recurrence
property. Since at least one is in R, , then all are in R, . O

REMARK 8.31. The previous result implies that if [¢] is finite and
closed, then [i] C R,. In particular, if S is finite and irreducible (notice
that it is always closed), then S = R,.

ExXAMPLE 8.32. Consider the finite state space S ={1,2,3,4,5,6}
and the transition probabilities matrix

=}

~

I
O OBl 0 |—
O O Onlmjuan|—
O OrilFrIF O O

RFI= O O O O
IoI=s= O O O

O ORIRRIR O

2,3 «— 4 and 5 «— 6. We have
5,6} are irreducible closed sets, while

It is simple to check that
that [1] = {1,2} and [5]

—

”fl
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[3] = {3,4} is not closed. So, the states in [1] and [5] are positive
recurrent and in [3] are transient.

5. Stationary distributions

Consider a homogeneous Markov chain X,, on a state space S.
Given an initial distribution a of Xy, we have seen that the distri-
bution of X, is given by a,, = oT™, n € N. A special case is when
the distribution stays the same for all times n, i.e. «, = a. So, a
distribution « on S is called stationary ift

ol = a.
ExAMPLE 8.33. Consider a Markov chain with S = N and for any
e s
P(X) = 11Xy = i) = % P(Xy =i +1|Xp = i) = =
A stationary distribution has to satisfy
P(Xo=1i)=P(X;=1), €.
So,
P(Xo=i) =Y P(X1=i|Xo = j)P(Xo = j).

If ¢ = 1, this implies that ]

1
P(Xy=1) = }:P = 5.
Ifi > 2,
P(Xo=i)=P(X,=i|Xg=i—1)P(Xy=1i—1)
:%Pﬂbzi—n.
So,

In the case of a finite state space a stationary distribution « is a
solution of the linear equation:

(TT - Da' =0.

It can also be computed as an eigenvector of T'" (the transpose matrix
of T') corresponding to the eigenvalue 1. Notice that it must satisfy
a; > 0 and Y, o; = 1. Moreover, if T" does not have an eigenvalue 1
(T and T share the same eigenvalues), then there are no stationary
distributions.
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EXAMPLE 8.34. Consider the Markov chain with transition matrix

The eigenvalues of T are 1 and i. Furthermore, an eigenvector of
T associated to the unit eigenvalue is (1,2) € R% Therefore, the

eigenvector which corresponds to a distribution is a = («, 2c7) with

o1 > 0 and 3a; = 1. That is, a = (3, 3).
EXERCISE 8.35. Find a stationary distribution for the Markov chain

in Example 8.32.

THEOREM 8.36. Consider an irreducible S. Then, S = R, iff there

is a unique stationary distribution, in which case it is given by a; = 7, '

The proof of the above theorem is contained in section 5.1.

REMARK 8.37. Recall that if S is finite and irreducible then S =
R, . So, in this case there is a unique stationary distribution.

EXERCISE 8.38. Find the unique stationary distribution for the
Markov chain with transition matrix:

1 1

11
13t

5 3 0

5.1. Proof of Theorem 8.36. A measure p on S is stationary
ift " = p. Notice that it is not required that p is a probability
measure as in the case of a stationary distribution (when u(S) = 1).
In other words, a stationary measure is a generalization of a stationary
distribution.

EXERCISE 8.39. Show that any stationary measure v = (vq,...) on
an irreducible S verifies 0 < v; < 400 for every i € S.
In the following we always assume S to be irreducible.

ProrosITION 8.40. If S = T then there are no stationary mea-
sures.

PROOF. As for any ¢,j € S = T we have ) 7r§f;.) < +o0, thus
7Ti(3-) — 0 as n — +o00. Therefore yT™ — 0, implying that p7" can not
be equal to p unless p = 0 which is not a measure. O

PROPOSITION 8.41. If S = R, then for each i € S the measure ¥
given by
pl = p ({1 =Y P(Xa =4t >nXo=1i), je€S,
n>1

is stationary. Moreover, u¥(S) = 7;.
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PRrROOF. Fix 7 € S and let
N; = Xixu=juzn)
n>1

be the random variable that counts the number of visits to state j until
time ¢;. That is, the chain visits the state j for /V; times until it reaches
1. Notice that N; = 1.

The mean of N; starting at Xy = is

Clearly, p; = 1. Considering the simple functions
m
om = P(X,=j.t;i >n|Xo=1)
n=1

so that ¢, /' N; as m — 400, we can use the monotone convergence
theorem to get

n>1

Furthermore,

pi o= g+ > Y P(Xy =3 Xoy =k t; >n|Xq =)

Notice that for k # i we have
{X,=kt;>n+1} = {X31#4,.... X, 1 #i, X, =k}
= {X, =k ty >n}.
So, since p; = 1,
pj = TijpPiTt Zm,jpj = Zﬂmﬂj-
ki keS
That is,
p=pT
where p = (p1, pa, ... ). We therefore take u®({j}) = p;.

The sum of all the IV;’s is equal to ¢;. Indeed,
D Ni= DD Xoomuzn = D Xuzn =
jeS n>1 jes n>1
Again by the monotone convergence theorem,

wi(S) =Y pj=E(t:lXo=i) = 7.

JjeS
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EXERCISE 8.42. Show that ugi) =1

EXERCISE 8.43. Show that

W _ ooy . |
K™ = T Tiky Thy ko -+ Thy 1 ,kn Tk,
n>1 ki,....kni

PROPOSITION 8.44. If S = R and v = (v4,...) a stationary mea-
sure, then for any i € S we have v = v;u®.

Proor. Given j € S there is n such that WJ(Z) > 0 by the irre-
ducibility of S. Using also the stationarity property of the measures
(VT™ = v and pOT" = ;@)

Z I/kﬂ'](;fi) =v; and Zu,(:)wl(&) = ugi) =1.
kes kes

So, from

(@)

we obtain v; < v

Now, for j € S, again by the stationarity of v,
Vj = ViTij + Z Vi Thy g
k1
Using the same relation for v, we obtain
vi = VTtV Z T k1 Tke,j T Z Vko Ty ey Ty j -
k1 k1, ko
Repeating this indefinitely, we get

—1
vV, Vj > ;5 =+ E E T do1 They ko -+ - Thp—1,kn T hn,j
n>1 ki, kn i

EXERCISE 8.45. Complete the proof of Theorem 8.36.

6. Limit distributions

The limit distribution is given by
lim P(X,=j)= lim Y n"P(X,=1).

n—-+o0o n—-+o00
€S
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THEOREM 8.46 (Ergodic theorem). Let S be irreducible and aperi-
odic. Then,
: m 1 .
lim =w, . = —, 1,J € 5.
T

n—4oo j

PRrROOF. Visit the library. U
REMARK 8.47.

(1) The limit distribution is then

1 1
lim P(X, =j)= lim —P(Xy=1)=—.
e noteo ST Tj

It does not depend on the initial distribution (we say that the
chain forgets its origin).

(2) Recall that if S is transient or null recurrent, then 7; = 400
for all j € S. So, F,EZ) — 0 foralli,jes.

(3) If the S = R, its unique stationary distribution is

1
P(X,=j)=—, n>0, j€b.

The limit distribution is equal to the stationary distribution.
(4) If Xy, X1, Xs,... is an irreducible chain with period d, then

Xo, Xg, Xog, ... is an aperiodic chain and
nd . . d
7T§7j ) — P(Xpa=jlXo=1) — p

j

EXAMPLE 8.48. Consider the transition matrix

11
T:{i i}-
2 2

The chain is irreducible positive recurrent with period 1. Thus, there is
a unique stationary distribution which is the limit distribution. From
the fact that 7" = T we have 7r§3) = % — % we know that oy = ag = 1

2
and 7 = = 2.



CHAPTER 9

Martingales

1. The martingale strategy

In the 18th century there was a popular strategy to guarantee a
profit when gambling in a casino. We assume that the game is fair,
for simplicity it is the tossing of a fair coin. Starting with an initial
capital Ky a gambler bets a given amount b. Winning the game means
that the capital is now K; = Ky + b and there is already a profit. A
loss implies that K1 = Ky — b. The martingale strategy consists in
repeating the game until we get a win, while doubling the previous bet
at each time. That is, if there is a first loss, at the second game we bet
2b. 1If we win it then Ky = Kg — b+ 2b = Ky + b and there is a profit.
If it takes n games to obtain a win, then

n—1
K=K, 1+2"'b=K,— Y 270+2""b=K,+b
i=1
and there is a profit.

In conclusion, if we wait long enough until getting a win (and it
is quite unlikely that one would obtain only losses in a reasonable fair
game), then we will obtain a profit of b. It seems a great strategy,
without risk. Why everybody is not doing it?7 What would happen if
all players were doing it? What is the catch?

The problem with the strategy is that the capital Ky is finite. If it
takes too long to obtain a win (say n times), then

Kn1=Ky— (2" = 1)b.
Bankruptcy occurs when K,,_; <0, i.e. waiting n steps with
n > logy(Ko/b+1) + 1.
For example, if we start with the Portuguese GDP in 2015":
Ky = €198 920 000 000
and choosing b =€1, then we can afford to loose 38 consecutive times.

On the other hand, if we assume that getting 10 straight losses in
a row is definitely very rare and are willing to risk, then we need to
assemble an initial capital of Ky =€511b.
lef. PORDATA http://www.pordata.pt/
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We can formulate the probabilistic model in the following way. Con-
sider 7 to be the first time we get a win. We call it stopping time and
denote it by

7 =min{n > 1:Y, =1},

where the Y,,’s are iid random variables with distribution
PY,=1)=—- and PY,=-1)=-

(the tossing of a coin). Notice that if Y,, = —1 for every n € N, then
we set 7 = +o00.

EXERCISE 9.1. Show that 7: Q@ — NU{+4o00} is a random variable.

At time n the capital K, is thus the random variable

TAN
K,=FKo+b) 27,

i=1
where

T An = min{7,n}.

The probability of winning in finite time is

P(r < +o00) = P (U{Yn — 1})

e (fon )

+00
=1-[]Pvi=-1)
n=1
=1

So, with full probability the gambler eventually wins. Since
1
Pir=n)=PY1=-1,...,P,1=-1Y,=1)= o
we easily determine the mean time of getting a win is
n

E(r)=> nP(r=n)= o =2

neN neN

So, on average it does not take too long to get a win. However, what
matters to avoid ruin is the mean capital just before a win. Whilst
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E(K;) = Ko+ b, we have

T—1
E(K,)=Ky—E (bz 2”)
=1

=Ky —bEQ27 1)

= Ky — bfP(T =n)(2"' —1)

+0o0
1 n—1
= —0OQ.

That is, the mean value for the capital just before winning is —oo.

Notice also that E(K;) = Ky. In general, for any n, since K, ;1 =
K, + 2"bY, 1 and Y, is independent of K, (K, is a sum involving
only Yy, ..., Y, and the sequence Y}, is independent) we have

E(Kn1|Ky) = Ky + 2"0E(Yo | Ky) = K.
The martingale strategy is therefore an example of a fair game in

the sense that knowing your capital at time n, the best prediction of
K, 11 is actually K,,. There is therefore no advantage but only risk.

2. General definition of a martingale

Let (2, F, P) be a probability space. An increasing sequence of
o-subalgebras

FLCFC---CF.

is called a filtration.

A stochastic process X, is a martingale with respect to a filtration
F, if for every n € N we have that

(1) X, is F,-measurable (we say that X,, is adapted to the filtra-
tion F,)

(2) X, is integrable (i.e. E(|X,|) < +00).

(3) E(Xps1|Fy) = X,, P-ace.

REMARK 9.2.
(1) Given a stochastic process X,,, the sequence of g-algebras
Fo=0(Xy,...,X,)
is a filtration and it is called the natural filtration. Notice that

O'(Xl,...,Xn) CO'(Xl,...,Xn+1).
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(2) It is simple to check that the expected value of the random
variables X, in a martingale is constant:
E<Xn) = E<E<Xn+1yfn)) = E(XnJrl)'
(3) Since X, is F,,-measurable we have that F(X,|F,) = X,. So,
E(X,11]|Fn) = X, is equivalent to E(X, 11 — X,|F,) = 0.
A sub-martingale is defined whenever
X, < E(Xpi1lFn), P-a.e.
and a super-martingale requires that
Xn > E<Xn+1|‘/—-n)a P-a.e.

So, E(X,) decreases for sub-martingales and it increases for super-
martingales.

In some contexts a martingale is known as a fair game, a sub-
martingale is a favourable game and a super-martingale is an unfair
game. The interpretation of a martingale as a fair game (there is risk,
there is no arbitrage) is very relevant in the application to finance.

3. Examples

ExAMPLE 9.3. Consider a sequence of independent and integrable
random variables Y;,, and the natural filtration F,, = o(Y3,...,Y,).

(1) Let

Xn:i}/;.

Then X, is F,-measurable since any Y; is F;-measurable and
Fi; C F, for © <n. Furthermore,

E(|Xa]) <) E([Yi]) < +o0,
i=1
i.e. X, is integrable. Since all the Y,,’s are independent,
E(Xnp — XalFn) = EVpia| Fn) = E(Ynia).
Therefore, X,, is a martingale iff £(Y,,) = 0 for every n € N.
(2) Let
X, ="Y...Y,.
It is also simple to check that X, is F,-measurable for each
n € N. In addition, because the Y,,’s are independent,

E(|Xy]) = E(V1]) ... E(|Ya]) < +oo.
Now,
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Thus, X, is a martingale iff E(Y,,) =1 for every n € N.
(3) Consider now the stochastic process

w5

assuming that Y;2 is also integrable. Clearly X, is F,,-measurable
for each n € N. It is also integrable since

BX,0) <0 S E(ViP) < +oo.
i=1
where we have use the Cauchy-Schwarz inequality. Finally,
E(Xn-i-l - an"t-n) = E<2 V XnYn-i-l‘JT_‘n) + E(Yn2+1) Z 0.
So, X,, is a sub-martingale if E(Y,,) = 0 for every n € N.

ExXAMPLE 9.4 (Doob’s process). Consider an integrable random
variable Y and a filtration F,,. Let

X, = E(Y|F,).

By definition of the conditional expectation X, is F,-measurable. It is
also integrable since

E(1X,|) = E(|IE(Y|F.)|) < E(E(]Y||F)) = E([Y]).
Finally,
E(Xp1—=Xa|Fn) = E(E(Y | Fopr) —E(Y|Fo)|Fn) = E(Y =Y|F,) = 0.

That is, X,, is a martingale.

4. Stopping times

Let (€2, F, P) be a probability space and F,, a filtration. A function
7: Q — NU{+oco} is a stopping time iff {T = n} € F,, for every n € N.

PRoOPOSITION 9.5. The following propositions are equivalent:

(1) {r =n} € F, for every n € N.
(2) {r <n} € F, for everyn € N.
(3) {r > n} e F, for every n € N.

EXERCISE 9.6. Prove it.
PROPOSITION 9.7. 7 is a random variable (F-measurable).

EXERCISE 9.8. Prove it.
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EXAMPLE 9.9. Let X, be a stochastic process, B € B(R) and F,, is
a filtration such that for each n € N we have that X, is F,,-measurable.
Consider the time of the first visit to B given by

7 =min{n € N: X,, € B}.
Notice that 7 = +o00 if X, € B for every n € N. Hence,
{r=n}={X1¢B,..., X, 1 ¢ B, X, € B}

+oo
={X, e B}n[{Xi € B} € F,..
=1

That is, 7 is a stopping time.

PRrRoOPOSITION 9.10.
+oo
E(r) = ZP(T >n).
n=1
EXERCISE 9.11. Prove it.

5. Stochastic processes with stopping times

Let X,, be a stochastic process and F,, is a filtration such that for
each n € N we have that X, is F,,-measurable. Given a stopping time
7 with respect to F,,, we define the sequence X,, stopped at 7 by

Zp = XT/\m
where 7 A n = min{r, n}.

EXERCISE 9.12. Show that

Zn = XiXir—iy + X X(rony.
=1
ProrosITION 9.13.
E(Zn—H - Zn|~/—:n) - E(Xn—H - Xn|]:n>X{72n+1}-
EXERCISE 9.14. Prove it.

REMARK 9.15. From the above result we can conclude that:

(1) If X, is a martingale, then Z, is also a martingale.
(2) If X,, is a submartingale, then Z,, is also a submartingale.
(3) If X,, is a supermartingale, then Z, is also a supermartingale.

Consider now the term in the sequence X,, corresponding to the

stopping time 7,
+oo

Xe =Y XoXireny.
i=1
Clearly, it is a random variable.
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THEOREM 9.16 (Optional stopping). Let X,, be a martingale. If

(1) P(t < 400) =1
(2) there is an integrable function g > 0 such that | X, an| < g for
every n € N (domination),

then E(X,) = E(X3).

PROOF. Since P(7 < 4o00) = 1 we have that lim, o X;nn =
X, P-a.e. Hence, by the dominated convergence theorem using the
domination by g,

E<XT) =FK <n1—1>1—&1:loo X‘r/\n> = nEI—POOE(XTAn) = E(X‘r/\l) = E<X1)7

where we have used the fact that X, ,, is also a martingale. O

The domination condition that is required in the optional stopping
theorem above is implied by other conditions that might be simpler to
obtain.

PROPOSITION 9.17. If any of the following holds:

(1) there is k € N such that P(1 < k) =1
(2) E(1) < 400 and there is M > 0 such that for any n € N

then X, A, 18 dominated.

EXERCISE 9.18. Prove it.

A related result (not requiring to have a martingale) is the following.

THEOREM 9.19 (Wald’s equation). Let Y, be a sequence of inte-
grable iid random variables, X,, = > | Y;, F, = o(Y1,....Y,) and T
a stopping time with respect to F,,. If E(1) < 400, then

E(X:) = E(Xy) E(7).

PROOF. Recall that
+oo

X =) Yoz

n=1

So,

—+o00

BE(X;) = Z E(YHX{TZTL})'

n=1
Recall that X(;>,) =1 — X{r<,_13, which implies that
O-<X{’TZTL}) C Fp1.
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Since F,,_1 and o(Y,) are independent, it follows that Y, and X{;>,)
are independent random variables.

Finally,

B(X,) = B() Y. P(r = n) = B(X,) E(7).



APPENDIX A

Things that you should know before starting

1. Notions of mathematical logic

1.1. Propositions. A proposition is a statement that can be qual-
ified either as true (T) or else as false (F) — there is no third way.

ExXAMPLE A.l.

(1) p =“Portugal is bordered by the Atlantic ocean” (T)
(2) q =“zero is an integer number” (T)
(3) r =“Sevilla is the capital city of Spain” (F)

REMARK A.2. There are statements that can not be qualified as
true or false. For instance, “This sentence is false”. If it is false, then
it is true (contradiction). On the other hand, if it is true, then it is
false (again contradiction). This kind of statements are not considered
to be propositions since they leads us to contradiction (simultaneously
true and false). Therefore, they will not be the object of our study.

The goal of the mathematical logic is to relate propositions through
their logical symbol: T or F. We are specially interested in those that
are T.

1.2. Operations between propositions. Let p and ¢ be propo-
sitions. We define the following operations between propositions. The
result is still a proposition.

e ~ p, not p (p is not satisfied).

e p A g, p and ¢q (both propositions are satisfied).

e pVgq, porq (at least one of the propositions is satisfied).
e p = ¢, p implies ¢ (if p is satisfied, then ¢ is also satisfied).
e p & ¢, pis equivalent to ¢ (p is satisfied iff ¢ is satisfied).

ExaMPLE A.3. Aproveitando as propositions p,q e r no Exemplo
A1,

(1) ~ p ="Portugal is not bordered by the Atlantic Ocean” (F)

(2) pAq ="Portugal is bordered by the Atlantic Oceand and zero
is an integer number” (T)

(3) pVr ="Portugal is bordered by the Atlantic Ocean or Sevilla
is the capital city of Spain” (T)

111
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(4) “Ife Portugal is bordered by the Atlantic Ocean, then Portugal
is bordered by the sea” (T)
(5) “a=0iff || =0" (T)

The logic value of the proposition obtained by operations between
propositions is given by the following table:

pla|~p|[pAg|pValp=q|~q=>~p|~pVq|lpsq|[(~pA~qV(pAg)
TIT|F| T | T T T T T T
TIF| F | F | T F F F F F
FIT [T | F | T T T T F F
FIF| T | F | F T T T T T

EXERCISE A.4. Show that the following propositions are true

) ~(~p)=p
(p=q) & (~qg=~p)
~(pAq) &

)
)
%N@v®@
)
)

(~p)
p

(~p)

V(~q)
A (~q)

e p ="Men are mortal”
e ¢ ="Dogs live less than men”
e r ="Dogs are not imortal”

(=9 N@=p) = @eq
pA(gVr)e ((pAg)V(
pV(gAT) & ((pV g Al
) P q) = (~pA~q)

ExAaMPLE A.5. Consider the following propositions:

pAT))
pVvT))

V(pAq))

So, the relation ((p A q) = 1) < (~ 1 = (~pV ~ q)) can be read as:

Saying that “if men are mortal and dogs live less than
men, then dogs are mortal ”, is the same as saying
that “if dogs are imortal, then men are imortal or
dogs live more than men”.

1.3. Symbols. In the mathematical writing it is used frequently
the following symbols:

e VY for all.

e d there is.
e : such that.
e . usually means “and”.

EXAMPLE A.6.

(1) Vu>03y>1: v+y > 1. “For any = non-negative there is y greater
or equal to 1 such that x + y is greater or equal than 17. (T)
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(2) Yy multiple of 4 3z > 0: —% <rz+4y< % “For any y multiple
of 4 there is x > 0 such that = 4 y is strictly between —% and
()

2

We can apply the ~ operator
~ Jd.p(z) &V, ~ p(x)

where p is a proposition that depends on z.

1.4. Mathematical induction. Let p(n) be a proposition that
depends on a number n that can be 1,2,3,.... We want to show that
p(n) is T for any n. The mathematical induction principle is a method
that allows to prove for any such n in just two steps:

(1) Show that p(1) is T.
(2) Suppose that p(m) is T for a fixed m, then show that the next
proposition p(m + 1) is also T.

This method works because if it is T for n = 1 and for the consecutive
propostion of any that it is T, then is T forn = 2,3, ....

ExAMPLE A.7. Consider the propositions p(n) given for each n by
(n+1)n
5

For n = 1, we have that p(1) reduces simply to 1 = 1 that is clearly T.
Suppose now that p(m) for a fixed m. Le. assume that 14+24---+m =

W. Thus,

(m+1)m+(m+1): (m—l—l)(m+2).

2 2
That is, we have just showed that p(m + 1) is T. Therefore, V,,p(n) is
T.

1+ 4+m+(m+1)=

This is one of the more popular methods in all sub-areas of math-
ematics, in computacional sciences, in economics, in finance and most
sciences that use quantitative methods. A professional mathematician
has the obligation to master it.

2. Set theory notions

2.1. Sets. A setis a collection of elements represented in the form:
Q={a,b,c,...}

where a, b, c, ... are the elements of €2. A subset A of ) is a set whose
elements are also in €2, and we write A C 2. We also write 2 D A to
mean the same thing.
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Instead of naming all the elements of a set (an often impossible
task), sometimes it is necessary to define a set through a given property
that we want satisfied. So, we also use the following representation for
a set:

Q=A{z: p(z)}
where p(z) is a proposition that depend on x. This can be read as “Q
is the set of all = such that p(z) holds”.

We write
a€c A

to mean that a is an element of A (a isin A). Sometimes it is convenient
to write instead A 3 a. If a is not in A we write a ¢ A.

ExXAMPLE A.S.

(1) 1e{1}
(2) {1} {1}
(3) {1} e {{1},{1,2},{1,2,3}}.

A subset A of € corresponding to all the elements x of €2 that all
satisfy a proposition ¢(z) is denoted by
A={xeQ:qx)}.
If a set has a finite number of elements it is called finite. Otherwise,

it is an infinite set. The set with zero elements is called the empty set
and it is denoted by (.

EXAMPLE A.9.

(1) A=1{0,1,2,...,9} is finite (it has 10 elements).
(2) The set of natural numbers
N={1,23,...}

is infinite.
(3) The set of integers
Z=1{.,-2-1012...}
is infinite.

(4) The set of rational numbers (ratio between integers)

@:{g:pEZ,qGN}
is infinite.
(5) The set of real numbers R consists of numbers of the form
ap.a1aoas . . .

where ag € Z and a; € {0,1,2,...,9} for any ¢ € N. It is also
infinite.
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REMARK A.10. Notice that NC Z Cc Q C R.

2.2. Relation between sets. Let A and B be any sets.

e A=B (Aequals B)iff (e Az € B)V(A=0AB=1).
e AC B (Ais contained in B) iff (x € A= x € B)VA=10).

PROPERTIES A.11.

(1) 0cA
(2) (A=BAB=C)=A=C
(3) ACA
(4) (ACBABCA)=A=8B
B)(ACBABCC)=AcCC

REMARK A.12. If
A={z:p(x)} and B={z:q(z)}, (A1)
then
A=B &V, (p(x) < q(x)) and AC B & V.(p(x)= q(zx)).

2.3. Operations between sets. Let A, B C €.

e ANB = {x:x € ANz € B} is the intersection between A
and B.
e AUB = {x:x € AV a € B} is the union between A and B.

Representing the sets as in (A.1), we have
ANB={z:p(x)ANq(z)} and AUB = {z:p(x)Vq(x)}.

EXAMPLE A.13. Let A={z e R: |z|] <1} and B={z € R:z >
0}. Thus, ANB={re€eR: 0<zx<1}and AUB={r ecR: 2> —1}.

PROPERTIES A.14. Let A, B,C C 2. Then,

(1) AnB=BNAand AUB = BUA (commutativity)

(2) AN(BNnC)=(AnB)NC and AU(BUC)=(AuB)UC
(associativity)

(3) AN(BUC)=(ANB)U(BNC)and AU(BNC) = (AU
B)N (B UC(C) (distributivity)

(4) AnA=Aand AU A = A (idempotence)

(5) AnN(AUB)=Aand AU (AN B) = A (absortion)

Let A, B C Q.

e A\B={zxe€Q:ze€ ANz & B} is the difference between A
and B (A minus B).
o A°={x € Q:x ¢ A} is the complementary set of A in Q.



116 A. THINGS THAT YOU SHOULD KNOW BEFORE STARTING
As in (A.1) we can write:
A\ B={z:p(x)ANq(x)} and A°={x: ~p(x)}.
PROPERTIES A.15.

(1) A\B=AnNB*
(2) AN A°=10
(3) AUA°=X

The intersection and union of infinitely many sets is also possible
to define without difficulties. Let I to be a set, which we will call index
set. This corresponds to the indices of a family of sets A, C 2 with

a € I. Hence,
ﬂ Ay ={x: Voerr € Ay} and U A, ={x: Jacrr € AL}
acl a€cl

ExXAMPLE A.16.

(1) Let A, = [n,n+ 1] C R, with n € N (notice that I = N).

Then
(N An=0, [J A, =1 +o0].

neN neN

(2) Let A, =[0,|sincl], &« € R. Then
(4. ={0}, |JA.=[0,1].
acR a€R

PROPOSITION A.17 (Morgan laws).
(1)
(Na) ~U

acl acl

)

acl acl

EXERCISE A.18. Prove it.

If two sets do not intersect, i.e. AN B = (), we say that they are
disjoint. A family of sets A,, a € I, is called pairwise disjoint if for
any o, € I such that o # 8 we have A, N Az = () (each pair of sets
in the family is disjoint).



3. FUNCTION THEORY NOTIONS 117

3. Function theory notions

Given two sets A and B, a function f is a correspondence between
each z € A to one and only one y = f(x) € B. It is also called a map
or a mapping.

Representation:
fiA—B
=y = f(z).
Notation:

e A is the domain of f.
o f(C)={y € B: Jyccy = f(x)} is the image of C' C A.
o [7Y(D)={x € A: f(z) € D} is the pre-image of D C B.

ExXAMPLE A.19.

(1) Let A ={a,b,c,d}, B=Nand f afunction f: A — B defined
by the following table:

T ‘ a ‘ b ‘ c ‘ d
F@) [3]5]7]9
Then, f({,c}) = {5, 7}, [~'({1}) = 0, f7'({3,5}) = {a, b},

f'{neN: 2eN})=0.

(2) A function whose domain is N is called a sequence. For ex-
ample, consider u: N — {—1,1} given by u, = u(n) = (—=1)".
Then, u(N) = {~1,1}, u"'({1}) = {2n: n € N}, u  ({~1}) =
{2n —1: n € N}.

(3) Let f: R — R,

o) = {'x" e

2, x>1.

Thus, f(R) = Ry, f([1,+oo[) = {1,2}, f7H([2,+o0]) =] -
00, —=2JU]1, +oof, f7H({1,2}) = {-1, -2} UL, +ool.

(4) For any set w, the identity function is f € Q@ — Q with
f(z) = x. We use the notation f = Id.

(5) Let A C . The indicator function (also called characteris-
tic function) is X4 : Q@ — R with

1, r€A
XA(SU):{O v d A

The pre-image behaves nicely with the union, intersection and com-
plement of sets. Let I to be the set of indices of A, C A and B, C B
with a € I .

PROPOSITION A.20.
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(1)
f (U Aa> = |J f(Aq)

o
f (ﬂ Aa) c () f(4a)
“
F (U Ba> = J (B
"
(e) -

EXERCISE A.21. Prove it.

3.1. Injectivity e surjectivity. According to the definition of a
function f: A — B, to each z in the domain it corresponds a unique
f(z) in the image. Notice that nothing is said about the possibility of
another point 2’ in the domain to have the same image f(z') = f(z).
This does not happen for injective functions. On the other hand, there
might be that B is different from f(A). This does not happen for
surjective functions.

e f is injective (one-to-one) iff f(z1) = f(z2) = x1 = xs.

e f is surjective (onto) iff f(A) = B.
e f is a bijection iff it is injective and surjective.

3.2. Composition of functions. After computing g(z) as the
image of x by a function g, in many situations we want to apply yet
another function (ot the same) to g(x), i.e. f(g(x)). It is said that
we are composing two functions. Let g: A — B and f: C' — D. We
define the composition function in the following way

fog:g'(C)—D
(feg)(z) = flg(x))
(read as f composed with g or f after g).
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EXAMPLE A.22. Let g: R - R, g(x) =1—2x and f: [1, +oo[— R,
f(x) = v/ — 1. We have that g~ *([1, +00[) =R, . So, fog: |—0o0,0] —
R, fog(x) = f(1 —2z) = /—2x.

An injective function f: A — B is also called invertible because we
can find its inverse function f=': f(A) — A such that

Voedf ' (f(2)) =2 and Ve f(f(y) =y

ExXAMPLE A.23.

(1) f: R = R, f(z) = 2% TIs not invertible since, e.g. f(1) =
f(=1). However, if we restrict the domain to R, it be-
comes invertible. Te. ¢: Rf — R, g(x) = 2? is invert-
ible and g(Ry) = R{. From y = 2® & 2 = |/y, we write
g Ry = Ry, g(z) = V.

(2) Let sin: R — R be the function sine. This function is invert-
ible if restricted to certain sets. For example, sin: [-7, 7] = R

is invertible. Notice that sin([—%,5]) = [~1,1]. Then, we de-
fine the function arc-sine arcsin: [—1,1] — [~7, 7] that to each
x € [—1,1] corresponds the angle in [~7, 7] whose sine is .

Finally, we have that arcsin(sin x) = sin(arcsinx) = z.

(3) When restricted to [0, 7] the cosine can also be inverted. The
arc-cosine function arccos: [—1,1] — [0,7] at = € [—1,1] is
the angle whose cosine is . Consequently, arccos(cosz) =
cos(arccos ) = z.

(4) The tangent function in | — 7, 7] has the inverse given by the
arc-tangent function arctg: R —]—7%, 7[ such that arctg(tg ) =
tg(arctgx) = .

(5) The exponential function f: R — R, f(x) = e* is invert-
ible and f(R) = RT. TIts inverse is the logarithm function
LR - R, fY(x) = logw.

ProrosSITION A.24. If f and g are invertible, then fog is invertible
and

(fog) '=glof
PROOF.

o If fog(z) = foglz:) & f(g(z1)) = f(g(z2)), then as f
is invertible, g(z1) = g(z2). In addition, as g is invertible, it
implies that 1 = 5. So, f o g is invertible.

e We can now show that ¢g~! o f~! is the inverse of f o g:

—g tof T fog(@) =g ' (f(f(g(x) =9 (9(x)) = =,

= foglg™tofHx)) = flalg™ (f(2)) = f(fH(z)) = =,
where we have used the fact that f~! and ¢g~! are the inverse
functions of f and g, respectively.
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e It remains to show that the inverse is unique. Suppose that
there is another inverse function of fog namely u different from
g~ 'o f7l. Hence, fog(u(z)) = x. If we apply the function
g~tof™h then g7'o fH(fog(u(x))) = g7 o fH(z) & u(z) =
gt o fH(2).

g

3.3. Countable and uncountable sets. As seen before, we can
classify sets in terms of its number of elements, either finite or infinite.
There is a particular case of an infinite set: the set of natural numbers
N. This set can be counted in the sense that we can have an ordered
sequence of its elements: given any element we know what is the next
one.

A set A is countable if there is a one-to-one function f: A — N.
Countable sets can be either finite (f only takes values in a finite sub-
set of N) or infinite (like N). A set which is not countable is called
uncountable.

EXERCISE A.25. Let A C B. Show that

(1) If B is countable, then A is also countable.
(2) If A is uncountable, then B is also uncountable.

EXAMPLE A.26. The following are countable sets:

(1) Q, by choosing a sequence that covers all rational numbers.
Find one that works.
(2) Z, because Z C Q.

ExAMPLE A.27. The following are uncountable sets:

(1) [0, 1], by the following argument. Suppose that [0, 1] is count-
able. This implies the existence of a sequence that covers all
the points in [0, 1]. Write the sequence as =, = 0.a,10n2 - . .
where a,; € {0,1,2,...,9}. Take now = € [0,1] given by
x = 0.b1by ... where b; # a;, for every ¢ € N. In order to avoid
the cases of the type 0.1999--. = 0.2, whenever a;; = 9 we
choose b; # 9 also. Thus, z is different from every point in the
sequence (it is different from every z,, because b,, # a,.). So,
[0, 1] can not be countable.

(2) R, because [0,1] C R.

PROPOSITION A.28. Let A and B to be any two sets and h: A — B

a bijection between them. Then,

(1) A is finite iff B is finite.
(2) A is countable iff B is countable.
(3) A is uncountable iff B is uncountable.
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EXERCISE A.29. Prove it.

Consider an index set [ and a family of sets A, with o € I. If I is
finite, we say that
(14

acl
is a finite intersection. If I is infinite but countable, the above is a
countable intersection. Otherwise, whenever [ is uncountable, it is
called an uncountable intersection. Similarly, we use the same type of
nomenclature for unions.

4. Greek alphabet

Letter lower case upper case

Alpha Q A
Beta 16 B
Gamma vy r
Delta ) A
Epsilon €€ E
Zeta ¢ y/
Eta n E
Theta 09 e
Iota L I
Kappa K K
Lambda A A
Mu 0 M
Nu v N
Xi £ =
Omicron ) O
Pi Tw II
Rho po R
Sigma oS by
Tau T T
Upsilon v T
Phi (03] )
Chi X X
Psi P )
Omega w Q
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