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1. N:number of claims per year, E[N] = V[N] = 0.18. [10]

X-018 _ 0218-0.18— 3
~ 1-®(2.795) = 1-0.9974 = 0.0026

>
v/0.18/1000 v/0.18/1000 cT;

P(X>0218) =

Thus, it is unlikely to observe more than 218 claims in one year, in a portfolio of 1000 policies, with these assumptions for

the mean and variance of the number of claims. With these observations, these assumptions should be revised.
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3. (@) X is the mixture of X; ~Gamma(},2) and X, ~ Gamma(3,2) as follows [05]
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X 1.1 X 1
X1 ~Gammal(3,2), E[X] = n x2= > and X, ~ Gammay(3,2), E[Xz] = ke 2=1

E[X]—f+ooxf (x)dx—§f+ooxf (x)dx+1f+ooxf (x)dx—?—)E[X]+1E[X]—?—)><l+l—§
o X “a ) n 4Jo X Ty T T T2y T
Sx(x) 8 24 1) _ 4 1\ _
Je(x) = EX[X] ZgSX(X)zg(X'FZ)e 4x+g x+5)e 2x
_ _l _pn2,,0x
(e) Let X3 ~Gammal|a=2,1= 5 , fxy, (x) =0%xe [10]
+oo, O>2e A<l
Sx(x) .. fx(x) .. 12xe*4xe™ > f H
—_— = = lim =4 075, 0=20o1=3
x—00 S§x, (x)  x—oo fx,(x) x—oo 02xe0x :
2

0, 0<2o 1>

If A < 4, X is heavier tailed than X, if 1 = 1, X and X3 have the same tail behaviour, if 1 > 1, X is lighter tailed than

Xs.
() (10]
0, X <0.15
Y = =max(0,X —15),
X-0.15, X>0.15

P(X<0.15) =1-Sx(0.15) =0.10066, and P(X -0.15< ) = P(X < y+0.15) =1 - Sx(y +0.15), thus

0, y<0 0, y<0
Fy() =P(y<y) ={ P(X<0.5), y=0 =< 0.10066, y=

P(X-0.15<y), y>0 1-3(y+0.15+ 1) e 40019 _ 1 (34 0.15+ 1) e720+015 - 50

»oy (v i 2 (v 2 y
4. We have that [15]
d Y +o0o
fZ(z):%Fz(z) and P(Zéz):P(}gz):f P(Y <zx|X=x)fx(x)dx
0
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d +00 +o00o d
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dz Jo 0 dz
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= fo X frix=x(x, 2x) fx (x) dx
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where fyx=x(x,y) = feoy , thus fy|x=x(x,x2) = ! and hence fy|x=x(x,zx) fx(x) = f(x, zx):
fx(x) fx(x)
+00 +00
fz(2) = / x f(x,zx)dx =f x2e” ) gy
0 0
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Thus

2 1< <3
- <z
fz(a)=4 Q+2? 3
0, otherwise

_ax)l/ut

5. (@) Fx()=P(X<xY<+o0)=e (¢ = e " and Fy(y) = P(X < +00, Y < y) =& @ = ¢=¢” thus Fy(x) and (03]
Fy (y) are standard Gumbel extreme value distributions.

(b) [05]

C(uy, up)

C(Fx(x),Fy(y)=C (e_e_x, e_e_y) =exp (— [(—ln e ¢ )% 4 (=lne )

lloc)

= exp (— [(e™%+ (efy)“]”a) =exp [— (e7** + ef"‘y)”“] =PX<xY<y)
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(c) A copula C, between X and Y, is max-stable if the copula associating the maximum of X and the maximum of Y  [10]
belongs to the same copula family of C.
Let My, x = max(Xy,..., X,) and M,y = max(Yy,...,Y,), where Xj,..., X, areiid. to X and Y3,..., Y, areiid. to Y,
with n fixed. Then, Fy, , (x) = [Fx(X)]", Fum,, () = [Fy(0]", and P(M,, x < x, Mpy <) = [PX<x, Y <p]" =
[C(Fx (), Fy ())]".
Thus, the copula is max-stable if C(Fu,,  (x), Fu, , (1)) = [C(Fx (x), Fy ())]", i.eif C([Fx (x)1", [Fy (1™ = [C(Fx (x), Fy ()]

(Cluy, up)]® = [exp (— [(—Inu)®+(~In uz)“]”“)] "~ exp (—n [(—Inu)® + (- Inuz)®] ”“)
= exp (— [(=nInu)®+ (—nlnuy)?| 1/“) =exp (— [(~InuP)*+ (-Inuj)“] ”a) =Cut, u})
6. (a) The chain is finite, irreducible and aperiodic, so it is regular. [05]
(b) P¥) =(0.7,0.2,0.1,0)- (0,0.1,0.1,0.9) = 0.03 [05]

(c) The chain is finite and irreducible, so all states are recurrent. Hence, the probability that a bond currently rate A, that  [05]
is being downgrade to C, will ever be rated A againis 1, faa = 1.

(d) Let w;, with i = A, B, C, D, be the expected number of years a bond will visit rate A before defaulting, starting at state  [05]
i. The quantity asked for is w 4. Using first step analysis, we obtain w4 as the solution of the following system:

wpg = 1+40.7wa+02wp+0.1wc
wg = 01was+07wp+0.1wc
we = 02wp+0.7wc

(e) The chain is regular, so there exists the limit distribution which can be obtained by solving the system &P = & for &, [15]
withmpa+nwp+nc+7mp=1:

A = 0.7ma+0.17p A = £ =0.07143

mp = 02m4+0.77p+0.27¢ mp = 35=02143
AIP=m7 < = =

e = 0.1m4+0.17ng+0.77c+0.17p nc = 33 =0.25

np = O0.dmg+0.1mc+097p np = £=04643

[\

8

In the long-run, the percentage of bonds rated A is 7,14% and the percentage of bonds in default is 46,43%.

repairing (2)

300 300

7. (@ [05]

(b) The probability that a car with a currently functional fuel pump, will have the fuel pump broken at time ¢ is p12(¢). [15]
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From the Kolmogorov’s forward differential equations and since p1;(¢) + p12(t) = 1, we have:

—

d
Elﬂlz(t) = p12()go2 + p11(H qr2

d 1
—p12() = —4p1a(H) + — p11(t
p12(t) p1a( )+300P11( )

—
dt
— d (t) =—4p12(0) + ! (1 (1)
dtplz =—4p12 300 P12
— d (t)+(4+ ! ) (1) = L
ar’r 300) P12 = 300
—> e(‘“’ﬁ)tiplz([).f_e(‘“'ﬁ)t 4+L)p12(t)=e(4+ﬁ)tL
dt 300 300
d ( (a+5l)r (a+58)e 1
— —le 300 Hl=e 300/ ——
dt( Pral )) 300
= el 30) o (1) = elaratg)r L1 — +
300 4 + 300
1 1 —(4+555)¢
— pr2(t) = — — +Ce 300
300 4 + 350
1 1
— t =—+Ce_(4+ﬁ)t
p12(1) 201
Using the initial condition p;»(0) = 0, we obtain C = —L Thus p12(t) = L - Le_(‘”ﬁ)[
’ 1201° 1201 1201 ’
(c) The limiting distribution is given by the solution of 7Q = 0: [10]
35 3% 1 1
=10 0 — ——m+4n,=0 < ay=—-7
[”1 ”2] 4 _4 [ ] 300 1T 271200 "
. . 1200 1
Since 71 + 72 = 1, we obtain [ T 7o ] = ol 1ol | For a fleet of 1000 cars, the expected number of cars

with a broken fuel pump in the long run is 1000/1201 = 0.8326395.

8. (a)

Qx)

Employed (E)

[05]

UEU (x)

Unemployed (U)

HuEe(x)

Dead (D)

E U D

—pgy (x) — pgp(x) HEU(X) 1ED(X)
HuEg(x) —pye(x) — pyp(x) pep(x)
0 0 0

E U D
—0.0105-0.01%925% .01 +0.01e%925*  (.0005
0.005+0.05e%01*  _0.0055—-0.05e~%%1% 0.0005

0 0 0

Page 4 of 5



(b) [10]
—(0.0055 (t—x)+5(e~0-017_=0.01x)

t
pggx, 8 = eXp(—f (Hue(x) +pypldx|=e
P

%(50,65) _ ef(o.oossx15+5(e*°-°1X‘""Sfe*"-WSO) = 05049244 _ ( 6435579

o [05]
The probability is HEeD(X) = 0.0005 :
UEy (%) + pep(x)  0.0105+0.001 €0-025%
F d 60, this probability i 0.0095 =0.0334
or a person aged 60, this probablity s §747 0510001 002560 000
(d) el

P(X(T) = U and has been unemployed for less than a quarter of a year | X (x) = E) =

T
= f pee(x, W) ppy (W) pgm(w, T) dw
T-0.25

T
- f pEE(x, w) (0.01 +0.01%025%) g~ (0:0055(T-w)5(2* T -e201)) g,
T-0.25
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