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L (@ P(X>42000)=1-(n42000-82) ~ 1 — @(1.16) = 1-0.87698 = 0.12302 [05]

2.1
P(X>42000, X >40000) P(X>42000) 0.12302

P(X >40000) "~ P(X>40000) 0.12714
(c) Let N be the number of large claims in a sample of 7 of such claims. [10]

Then N ~ Binomial(n=7,p = P(X >40000) = 0.12714) and the desired probability is

P(X >40000)=1-® (M) ~1-®(1.14) =1-0.87286=0.12714

(b) P (X >42000]X >40000) = =0.9675948. [10]

7!
P(N=3)= ﬁ0.127145‘(1 —0.12714)* = 0.04175351

(d) Let X ~LogNorm(u=8.2,0 =2.1) be the loss of a claim and M;( be the maximum loss of a sample of [05]

10 such losses. Then
In42000-8.2

10
)] =1-0.87698'0 =
2.1

P(Mjo > 42000) = 1— P(M; < 42000) = 1—[Fx(42000)]'° = 1- [cp(
0.7309104.

The probability that the maximum loss of 10 o such claims exceeds 42000 is 73,1%.

2. (a) We have that [10]

o filx) = $e 3, E[X1] = ab = 6, E[X?] = a(a +1)6* =54 and Var[X,] = af* = 18
¢ ox) =33, Fx)=1-e3,8(x) = e*/3, E[X,] =60 =3, E[X?] =20% =18, Var[X,] =6° =9

and fy(0) =3fi0)+1fi(x)and Z= 32X, + 1 X,

0 too (3 1 3 [ 1 [e© 3 1 21
E[Y]:f xfy(x)dx:f x(—fl(x)+—f2(x)) dx:—f xfl(x)dx+—f xfo(x)dx=-E[X1]+-E[X2] = — =5.25
0 0 4 4 4 Jo 4 Jo 4 4 4

E[Z]—E[3X +1X]—3E[X]+1E[X]—21—525
TE g T g Ty T e T T

Thus E[Y] = E[Z].
(b) [10]

o0 +00 o0 (o)
E[Y?] =f 2 fy (x)dx =f x2 (§f1 (x) + 1fz(x)) dx= §f x*fi (x)dx+lf ¥ fo(x)dx = §15[)(%]#15[){5] _ 180 45
0 0 4 4 4 Jo 4 Jo 4 4 4
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s s 279
VarlY]=E[Y?] - F[Y] = <~ =17.4375

Var|Z]l=Var

3 1 9 1 171
-X1+-Xo| =—=Var[X;]+ —Var[Xy] = — =10.6875
4 4 16 16 16

Thus Var(Y] > Var[Z].

(c) We have that S;(x) = e™*/3 + 273, and Sy (y) = 381 (x) + 12 (x) = Le ™3 (4 + x).

(d)

(e

(@

_3 1 _ 1 ,x/3 _fhv) _1l+x
We have that fy = 3 fi(x) + ; f2(x) = ;€7*°(x + 1), hence hy (x) = Sy " 3arx
R, (x) = m > 0, thus the force of hazard is an increasing function of x meaning that Y is light tailed,

according to this criteria.

Go.995 : F2(qo.995) = 0.995 & 1 — e~ 909953 — 0.995 & Go.995 = 15.89495. The 99.5% percentile of X is
q0.995 = 15.89495.

3 15.89495 1
P(Y < 15.89495) = Fy (15.89495) = n (1 — ¢ 15:89495/3 (1 + —))

5 +5(0- e~ 198949573) - 0 9751313,

The 99.5% percentile of X, corresponds approximately to the 97.5% percentile of Y, meaning that Y’
has a higher probability that events larger than 15.9 occur than X,. When modeling losses, Y corres-
ponds to a model with higher risk for large occurrences than Xj.

pM, 0<x<5
F,(5)

fx)=

fx)

$2(5)°

In order to guarantee that this density is continuous, we need to guarantee the equality of both bran-

1-p)

chesat x=5:

fi(5) f2(5)
=(1-p) < p=0.6119058
Fi5) P s TP
Thus
ge—xls
0.6119058—————, 0<x<5
1-e®B3(1+2)
fx)=
le—x/?)
3
03880942W, x>5

Fx(x) =limy oo H(x,y) = (1 + e M1 and Fy(y) =limy_oo H(x,) = (1 + e ¥)~L. Cis the copula of X
and Y iff H(x, y) = C(Fx(x), Fy ().

1
Tre D(1+e 7 1
C(Fx(x), Fy(y)) = ——— = e D =————=HxY)
= — — - - l+e *+eV
Ore ™ T Ore?) ~ TreDHate )
2
Clu,u . u—Z 1 1 . .
b) A= 111% (, W) = 1111%) 2u—u® _ hn}) 5 =3 # 0, thus there is lower tail dependence.
u— u u— u u— — U
2
1-2u+C(u,u 1-2u+ 5 2—du+2u?
Ay = lim ) _ lim 2u=t? _ Jim = 0, thus there is no upper tail de-
du~1 1-u u—1 1-u u—1 2 -2u+ u?
pendence.

(b)

0.1 09 0 0
0.1 0 09 O
001 009 0 09
0.01 0 009 09

The chain is irreducible and finite, thus all states are positive recurrent and the probability of ever
returning to any state is 1. Hence, the probability that a policyholder just entering the system will ever
return to the 30% discount state is 1.
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(c) The expected discount after the second renewal is [10]

0P3, +0.3P3, +0.5P5; +0.6P2, = 0x 0.019+0.3 x 0.171 + 0.5 x 0+ 0.6 x 0.81 = 0.5373

(d) The chain is finite, irreducible and aperiodic (all states communicate and have the same period, and [10]
d(1) = 1). Hence, the chain is regular and has a unique limiting distribution given by the stationary

distribution:
0.177 +0.172+0.0173+0.0lmy = m;
097, +0.09713 = 7>
nP=n<
0971, +0.0974, = 73
09m13+09m4 = 114

with 7, + 7y + 3 + 14 = 1, which leads to
=1 0.01300716 0.020405728 0.096658711 0.869928401

(e) The expected discount during the third year in the company for a randomly selected policyholder is: [10]

0.2(0P%, +0.3P%, +0.5P%, + 0.6 P%,) + 0.8(0P3, +0.3P3, + 0.5P5, + 0.6P3,) =
= 0.2(0x0.1+0.3x0.09+0.5 x 0.81 +0.6 x 0) + 0.8 x 0.5373 = 0.2 x 0.432 + 0.8 x 0.573 = 0.51624

In the long run the probability that the policyholder will be in each state is given by the limiting dis-
tribution 7, which is independent from the initial state. Thus, the expected discount for a randomly

selected policyholder in the long run is

0xm +0.3xmy+0.5%xm3+0.6%xmy=0.5764081

5. (a) [10]

A J F L N P D

Af-2 4 3 0o 0o o0 o0

J 0 -1 0 0 0 0 1

4 2 2 8

Fl10 0 -3 5 5 15 0

Q=L |0 o o -1 o o I

N[O 0o 0 0 -3 0 5

Plo 0o 0o o0 0 - &

D 0 0 0 0 0 0 0

3

b) paa(3)=piz(3)=e21=022313 [05]
(c) From the forward differential equations we have that p', .(t) = % paalt) — ;—1 par(t). We also have that [10]

paa(t) = prz(0) = e, thus

— — ! _
piqp(t) — %e 2t _ %pAF(t) o pin(t)e4t/3 + ;_lpAF(t)e4t/3 — %e 2te4t/3 o (pAF(t)e4t/3) — %e 2t/3 o

o papet!’3 = _sg_)e—zz/s +Co par(D) = _%e—zz 4+ Ce4113

9
From the initial condition p 4r(0) = 0 we obtain C = 3 and pap(t) = n (743 —e72)

(d) Let m; be the expected time until reaching state D given that the chain is in state i. The required [10]
expected time is m4. We have that my =0.5+0.25m;+0.75mp, my =1, mp =0.75+0.5my + 0.1my +
0.4mp, myp =4, my = 24, and mp = 48. Thus mr =24.35 and m = 19.0125.

6. (a) (05]
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E C D 0

E [-(cx)+ux)+px) ox) wux) pkx)
0 = C 0 0 0 0
D 0 0 0 0
6} 0 0 0 0
E C D 0
E [ -0.002-0.01(e%05% 4 ¢=0-1x 4 0.01xy 001 +0.01€%%5%  0.0005+0.01e%1* 0.0005 +0.01°01*
. cC 0 0 0 0
D 0 0 0 0
6} 0 0 0 0
(b) [10]
p—(25,35) = o~ J25 (0.002+0.01 ("% +e~0 14 1¢001)) dx
EE ’ -
e_O.OOZX10_0_2(80.05x35_60405x25)_0_1(8—0.1x25_e—041x35)_(60.01x35_60401x25)
¢ 06130828 _ 5416784
5
(¢) pgc(565,60) =f pEE(55,55+ s)a (55 + s)ds [10]
0
where

0,002 5-0.2(£D09%(55+9) _g005x55) _) 1 (g=0.1%55 _ p=01x(55+5)) _ (o001 x(55+5) _ (001x55)

pee(50,55+5)=e

and /(55 + 5) =0.001 +0.01%0565+9
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